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FVAL(IAT I ON

The objective of the study was to develop a method of determining the

detection performance of ground-hased radars against airborne targets under

a wide variety of environment and system conditions.

This effort involved the development of a novel computationally efficient

method for simulating grouud-based coherent radar system performance

subjected to target and clutter signals which are partially correlated.

'I shl , oi I,, l conav'l1i lol :41 li |l |on ecl I u';ed to ',mpute

detet'LLon performa:nc i I hat an ext remely large number ol statistical

replications are re(uluired to establish false alarm performance. This work

advanced the art by adapting the technique of importance sampling which

signi ficantly reduces the reqtiired computer time, even when simulating

nonlinear .ystems. In most cases it Is possible to simulate false alarm

probabilities as low as 10 with only about 10 to 10 replications. A

report, entitled "Importance Sampling Applied to Radar False-Alarms,"

summar izing res. Its aid appl I at ion examples has been accepted for

publ icat ion in the IMEE.I" Transact ions of the AES.

.1. LEON POTRIIER

Cont rac t Monitor
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1. INTRODUCTION AND SUMMARY

The objective of the study described in this report was to develop a method

of determining detection performance for a ground-based radar against an air-

borne target under a wide variety of environment and system conditions. This

objective was met by constructing a digital simulation of the radar signals as

they are transmitted, reflected from the scatterers representing targets and

clutter, and received by and processed in the radar receiver. Realistic ground,

rain, and chaff clutter environments are modeled, as well as the processing fea-

tures of modern radars such as moving target indication (TI), both coherent and

noncoherent integration, constant false alarm rate (CFAR) processing, and non-

linear operations. The detection performance is determined by Monte Carlo

sampling techniques, in which the target and clutter scattering models are

described statistically, as well as the location of the target with respect to

the center of the antenna beam, range gate, and Doppler filter.

The shortcoming of conventional sampling techniques applied to detection

performance in radar is the extremely large number of statistical replications

required to establish false alarm performance. In order to overcome this prob-

lem a considerable effort was expended in developing importance sampling tech-

niques that could be applied to the wide variety of signals in radar, including

the non-Gaussian and non-Raylvigh signals characteristic of clutter. The results

of this effort are described in Section 2. In most cases it is possible to simu-

late false alarm rates as low as 10
-8 

with only about 10
3 

to 10
4 
replications of

the experiment. Techniques for handling mixed statistics as well as CFAR are also

desc ribed.

It is wel known that antenna motion during the coherent processing .ime of

the fad;Jr causes the clutter to be amplitude modulated; the effect is a broadening

of the clutter spectrum thait would be observed if there were no antenna motion.

It is straightforward to compute the resultant spectrum if the clutter is spa-

tially homogcneous, e:;pecially If the antenna pattern and original clutter spec-

t rum are Caussian shaped. In Section 3 we extend the analysis to nonhomogeneous

clutter and arbitrary beamshapes. While the signals are nonstationary, the re-

stilting :lgoritLhMn are in a form that is amenable to efficient digital simulation.

In Section 4 a gencral procedure is derived for generating correlated random

signal sequetnes that .re characteristic of clutter in a ground-based radar. The

I -
i.
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procedure is extremely efficient as it is based on fast Fourier transform (FFT)

combined with interpolation. it can be applied to any number of signal samples

and the shape of the power spectral density is arbitrary.

The simulation program that was developed to determine detection performance

Is described in Section 5. and a Fortran listing is given in Appendix A.

1|.
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2. IMPORTANCE SAMPLING

Importance sampling is a technique that can be applied to the simulation

of lw-probability events without incurring the computation costs usually as-

sociated with such simulations. With importance sampling one can modify the

probability distribution of the underlying random process in order to make

the low-probability events (false alarms) occur more frequently. The desired

probabilities at the output of the process are then found by weighting each

event by a factor that is a function of only the state of the input; this fac-

tor is independent of the process itself 11-6].

The basic principle of importance sampling is straightforward as described

above. However, it is not so well known just how the technique can be made to

work in a particular application. For example, what if there are multiple ran-

dom inputs to some processor where the inputs might belong to different statis-

tical processes? Or if the processor is nonlinear? Or if there is not a unique

relationship between the input and output of the processor? These and other is-

sues will be addressud in this report. We will concentrate on applications to

the simulation oi signals in radar and communication systems in order to limit

the scope of the study. We begin with a tutorial discussion of both conventional

and importance sampling.

2. 1 CONVN2TIONAL SAMPLING THEORY

Let us designate the output of a statistical process as y. We wish to

estimate the probability density function of this process, p(y), or its cumu-

lative distribution futnction, 1'(y), with a finite set of observations. The

conventionail procedure is to sort the output samples into preselected bins

that lover the range of interest in the variable y. This operation of sorting

r,.sults in a histogram, which can be integrated to form the sample distribu-

I IUn I llet io1.

For the purpose of examining the upper tail of the distribution function

it Is more -,,venienit to work with the ct,mplement to P(y), namely

Q(y) I - P(y) f i(&) dE. (1)

y

aY
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In estimating Q(y) with a finite set of observations, we can define the oper-

ation applied to each sample as

DY(y) I y 
I 

Y

-0 , y < Y (2)

where Y is a preset rhreshold. In practice, this operation will be applied

to many values of Y simultaneously, for each sample of y, in the prior step

of computing the histogram. We note that all samples receive the same weight.

The result of applying the operation in (2) to each sample of y is also

a statistical process. The mean value of (2) is

Dy -(yT= fDy(y)p<v) dy

f p(y) dy ' Q(Y) (3)

Y

and the second moment is

D2(y)l :fD2(y)p(y) y
Y

f p(y) dy Q(Y) (4)

1wV.11l id~ s gi vcn by

var[D )) =] D2 - D(~ 2

= Q(Y) - 2(Y) = Q(Y)P(Y) (5)

..N



lit tihe following analysis we will be Interested in the upper tail of the dis-

tribution where P(Y) 1 , so we can essentially assume that

var [D y(Y)1 Q(Y) (6)

in order to estimate Q(Y) the operation in (2) will be repeated for N samples

of y and tihe estimate will Le formed as

NQ(Y) = (y (7)

where (yt) is the set of N observations (statistical samples), which we assume

to be independent. It follows from (3) and (7) that Q(Y) - Q(Y), which means

that (7) is an unbiased estimate. The variance of (7) is given by

var [(Y)] NQ(Y)P(Y)

Q(y) (8)

In order to 't Imat P Q(Y) with high pre:ision, the standard deviation of the

estimatt, emu:t be small compared with the mean value. In other words, NQ(Y)>>l.

If, for example, Q(v) = l0- 6 
then N must be at least as large as 10

6 
in order

to achieve any precision at all in the estimate. This requirement for an im-

practically large number of samples is the dilemma faced when one applies con-

vent itnal sampling techntques to the estimate of low-probability events.

Importance sampling will be a solution to this dilemma, but before we

jump to that subject let us expand our discussion to include a description of

tht, p,reess itself. As sketched in Figure 1, the input to some processor will

be a raii nm variable x with a known probability density function p(x). The

output Is y, for which we wish to estimate Q(y), the complement to the distri-

bution fuinct ion, with a finite, set of observations. The estimate will be

furnd by tf.lhmog the average value of the observable z, which is the operation

f)y(y) alipli.d to y. The train!;er function of the processor will be designated

by y "(x), 0hh implies fhl.t a yivna v)lue of x is mapped into a unique value

u . .y. , .l ...hi x I.. s i i a pami I huIlI: value of z we can write



Threshold, Y

ipP] Outpat y- So rting job'se rvable, 0z

1d) (X Fx) ] Y 1 r)(Y) _

Fiue I . !,k..i cIa *if Op~ut at Ions I'vrfu tot d w i tb

CmiciiVl. imi 01. Siapli ng



7

7- DyV(x)l (9)

2.2 lNPORTANCI_ SAMPLING THEORY

The principle of importance sampling is to distort or modify the input ran-

dom process (x) in order to make the original low-probability events occur more

frequently. This action viii be compensated by weighting the event by a factor

that is a function of only the particular value of x on input [1,2.3]. The

functional flow is sketched in Figure 2 where

Z m - D.lF(x)lw(x) (10)

The weight is designated as w(x) and time modified probability density function

on input is designated as Pm(x). In order for z. to be an unbiased estimate

of Q(Y) we muSt have z = z. the latter quantity being the mean value of (9),m

so that

J*DyiF(x)]w(x)Pm(x)dx = fJlyIF(x)IP(x)dx (11)

thus

w(x) P(x)/P (x) (12)

For each replication of the experiment a specific value of x will be generated.

With the use of (12) we can then comopute the weight on the basis of the ratio

of known input probability density functions.

So far we have be'en worklng wth a one-dlinens ional process. Actually

the process could be multi-divensional. We will assume that there is still a

ginglc output, y, so that we can write

1) - [ylF(Xl, .. , ) (13)

and

7m D (F(x .  xK)]w(xi .... (14)

Dy FX- ' -K-
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And shice 7m 7, we haVe

p(x 1 , ... , xK)
w (xI . . ) (x 1  . .. .xK )

where the right side of (15) is the ratio of two joint probability density

functions. If the input samples are independent and belong to the same dis-

tribution function,

K
w(x I ... xK) K l P(xk)/Pu(xk) (16)

2.3 SPECIFIC F XAMPLES

In order to demonstrate the utility and power of importance sampling,

several examples will he given. First, we will examine linear processors

where the output ;tai ist ics are* known, and then we will analyze some non-

linear processors.

tFxz~m .e_ 1: -Exprone'n-t-zi- Div -tui-bution

1.et x be exponentially distributed with y = F(x) x. We can define

p(x) = (l/X)e
-x x x X 0

= 0x<0 , (17)

where x is the mean value of the original distribution. Upon integration

we obtain

Q(x) = e - x / x  (18)

for x > 0. For importance s.mpling we will modify the input distribution by

chinging (incre:sring) the mean value as

/
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S x/m I x > 0

S , x < 0

The weight Is now given by

w(x) ( = :x- - -1 X (20)Pm (x)

which is a simple calculation that will be performed for each sample on input.

For the case when y = F(x) = x as we have here, the second moment of z

can h, ,v:iluatd easily. For a sinylu ob.vrvation

D v(x) 1(, (x) dx

-f w(s) (x) dx (21)

Y

Fr thy pon,,nt lal di;Lr ibut ion we vacu substitute (17) and (20) to obtain

-. x -(2/x - 1I/x )Y
. . ... e m ( 2 2 )

Since Q(Y) V the variance for a single observation is given by

[X(2 in Tx 5. -. ] e
-2Y /x  

(23)wtl'' x(2 - x/x m )

IFar b; itnhipi'cnt a.l,.rvct ios in et,. ina~ct iag the distribht ion function, the

vat 1.,',r. will be redu.d by a ftor of N over that of a single observation.

Tir wIJ ,, ,r ite( the folhlwing ario for N inde.i-ndent obsprvations:

5

if



varizi m xm
" -

G(o) I x(2'x) (4

When we work with the expression in (24) it is convenient to simplify

it slightly by anticipating the result x >> x. Thus

-2 N e (25)(z) j

Now we can ask the question as to what the optimum value of x is. If we dif-

ferentlate (25) with respect to xa and set the result equal to zero we obtaina
xm = Y as the solution. At the optimum,

va r 1-

[2(2NI 26)

For illust ratioln, supl)oSe we art' iterested in estimating Q(Y) in the neighbor-

hood of Q(Y) = 10
-
6
. 

With (18) we obtain x = Y = 13.8x (which means that them
approximation masde ii obtaining (25) was i adeed valid) and (26) reduces to

I I vart? J
(a) - 'I = 17.8/N 

(27)- -2

In Sct ion 2 with coiv,,ntiona sampling techmiqoes this ratio was 10
6 
IN. We

have t hus rtdu,-.,d the itmmber of sampl es rt-qi ired to obtain a speciflied preci-

sion by a facti)r ii1 cir ')0,000. With N ' 1000 ;,mlles the rel;itive standard

deviation in thme .. timete of Q(Y) will be 13.3% with importance sampling, an

acceptable . rror for Iirct Ically any application.

In Figure 3 we compare the experimental distribution function with N f 1000

d
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and the exact distribution function. The value of x - 13.8x was used to

first compute the histogram, which was then integrated to obtain the sample

distribution function. While the procedure was optimized for Z(Y) = 0-

we observe that relatively umall errors exist throughout the range in proba-

bility that covers five orders of magnitude. Thus the procedure is relatively

insensitive to the precise value of xm (which could also be established by

examining (25)).

Ex..pie 
2

: Gaussian Distribution

Let x be a zero-mean Caussian random variable, again with y - F(x) - x,

where

P(x) -- e x 
2 / 2 c 2  (28)

,1o

and

Q(y) - f p(x) dx (29)

For importance sampulig we will modify p(x) by changing (increasing) 0 so that

. .(x) 2 (30)

m o

The weight is given by

W =p(X) am -(1/o 2 - 1i2 )x212

p n(x) a- x/

A

The inputs to the process were exponentially distributed random variables.

Tf u is a uniformly distributed random variable (0,1), then x = -n(u) generates
an exponential random varlable with unit mean. With importance sampling the

pt,.isv stat ist ial propert ics of the pseudo-random numbers, u, are no longer
,riticIal as they wutild he with conventional sampling techniqjues.

r ..
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From (21) we obtain for a single observation

m

zmT Q (Y/ (32)

where Q(Y) is given by (29). The relative variance for N independent obser-

vation is given by

variz 1 [2/
-2 = _. -_ __ 2. - I (33)

m N -22,a2 Q(Y) ]

In anticipation of the result 0i >" 0 we might be tempted to simplify (33)m

by setting N2- o o ' v2; however, the resulting approximation would not

yield an optimm slt Ion as; a func'tion of o. As it stands, (33) is bestm

handled nutimrihal ly.

W can I ind ;in opt imum value of u that minimizes (33) for a specific
exa~6.e Ifu of a.=a,.-6

value of Y. For example. If Y = 4.7o, Q(Y) 10
-

. A value of m = 4.8o

was found to be the op(Imum for this value of Y, although (33) was nearly flat

over the ilnlerval 4.0 < o l < 5.5 so that we can conclude that o = Y ism - In

essentially the optimuml. For a = Y = 4.7c, the relative variance is

var I,.mi

(7.-) 2 = 49/N (34)

whi tb i,.,n; that N 1000 ohsvrvations wtould result in a relative standard

deviat ion of 22% in tLh. stim;tte of Q(Y). In Figure 4 we show the comparison

1,etw(.en the i.-prinental (N = 1000 and Om = 4.7u) and exact distribution func-
m

ions for tho, Gats.;u,soL- a. While 0 mwas chosen to optimize the procedure

for Q(Y) - 10
6
, we Iote that the vrror is.relatively small over most of the

range in probiability plo(t-d In the figure. We see also that the error is

soncwhat tra,,.r t iii Figure .3 for the .,xjpon(enttal distribution, as we could

prI fr ' (i,, ) and (134).

1.

----A
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Practically every situation of interest in the analysis of radar and com-

munication systems can be handled by either the exponential or Gaussian random

variable as the input to a process (no counter examples are known to the

author). For example, the log-normal distribution is a simple transformation

of the Gaussian, and the Weibull of an exponential. In fact, one can create

an exponential random variable from the Gaussian and vice versa as we will show

in the next two examples.

kxowJ~ v: m-q o Iusian Variates

Let x, and x 2 be two independent, zero-mean Gaussian random variables at

the input to !)ur processor, and let

y = F(x, 2 ) = + x 2  (35)

If wt. scii-ct 0
2 - 0.5 then y will be an exponential random variable with

y I. With i lportaTIe'! ;anmplitig the weight applied to each outcome will be

a flilli-tion a only x, and x From (16), (28), and (30) we can write

2 - -1/ ;2 2 4x ) 2 (36)
w(x 1 ,x 2 ) ::2a2 e-(1 - i/2ff2)(x1 4x 2  (

and with (3")

wO , 1 2 e-(1 - 112a2 y (37)
w(x x 2a2 v( 2 (

112 n

We iavi. applied the above procedure for generating the exponential ran-

dom v.ariablh and with Importance sanipling we have computed the experimental

di;tribot ion function. We rhose o = 2.63 (or 2o = 13.8) and N - 1000. The

c.):1,1, inio)tal lv,!;ult is isfiwntially identical to that in Figure 3, at least in

i. zr l2 e 4: C , cration of Caui: vt Vaoiateoam .'a,,ntio

let x 1,v an vx' .l),),') til random variable at the( inpot to our proct',sor.

i tli tOle iir(), sfor we wiIl vreate

y F(x) /7x- Cos 0 , (38)

) . . .................
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where 0 is a uniformly distributed rand-,m variable (0,2n). The random

v Aiable y will be Gaussian distributed, and if x - I the mean value of y

will be zero and the variance unity. With importance sampling the weight

applied to each outcome will be a function of only x in this example, since

the generation of 0 is performed within the processor and will not be con-

sidered as an input variable. The weight is given by (20) for x = 1.

We have generated Gaussian random samples by means of (38) and have used

importance sampling to estimate the distribution function in the range of

10 < Q(Y) < 10 . The result is statistically consistent with that of the

direct method in Figure 4. A value of x = 22.1 (- 4.72) corresponds to op-

timizing the procedure at Q(Y) = 10 - 6 .

With this example we no longer have a unique mapping of x into y, which

ought to sug.,st othe.r possibilitles in simulation. In addition, we can con-

figure the iro-elsorc so that all inputs are either expouential or Gaussian

random variables as we will show in Example 9.

5xn : ,uJm of V'rocla Viateo

Th s umn of K independent random variables that are exponentially distri-

buted is a chi-square random variable with 2K degrees of freedom. We can write

K

y - F(x V .  XK) = I % (39)

k-l

where (x k) is the set of K exponential random variables on input. With im-

portance sapling the weight will be a function of the specific values of x k .

Fror4 (16), (17), and (19) we can write

r K
w(x I K (xm /x)K exp -Ix Ixm k

k=l

( . 1X-)K e-(l/x - l/x) Y (40)

mre ii!;(- of (38) with sin 0 subst ituted for cos 0 will produce a

secPond, ihhl .l-'ndt('it Ca'uIsi an random vatiable.
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In Figure 5 we show the experimental distribution obtained by using im-

portance sampling on (39) for K - 5 and N = 1000 replications. The mean value

of the input distribution was modified as x a 4.7x, which optimized the pro-
-6

cedure at Q() 10 . Note that the error is extremely small throughout the

five orders of magnitude in probability shown in Figure 5.

Exzamp.Ze 6- S__of 'porentiaL Variates with Arbitrary Weighte

For the previous example all input random variables were uniformly

weighted in (39). Let us generalize the situation by assuming arbitrary

weights in the sumiation as

K

y = F(xl, ... xx) = a (41)

k=1

whete Ix ) is the set of indceptndent exponential random variables on input

with a vt.n volue x. With importance sampling the weight is a function of

only t1e itipttt , so th' weight ri-mains the same as (40). The distribution

ft lct ion of y i. iv"to by

K K-1

(Y) (a - a ak (42)

k=Ik

In 1igore 6 we have used importance sampling to estimate Q(Y) for K=2

and N - 1000. The ratio of weights used in (41) varied from .48/.52 (resulting
in e..-nttliy a rhl-stIuarc distribution with /4 degrees of freedom) to .05/.95,

witlt tIh, !;Iti of w i ghtt behig unity in all cases. For cach of the cases, the

1,i 1 
-,.ht" wiso optimized in the neighborhood of Q(Y) - 10

-6 
(e.g., x =10.7x

Iot the .2I/ .1 case).

With tlhi-, txao ilt we ca. 'reat e the following int'resting situation: let

K 2 s t, ihl t I t w i)ltt is d in import .tnce sainpIing in (40) will be based on

Iwo ltt.ti ,l1.*s; -twver, let otne of the weights ak in (41) be zero so

It.ii III, (IIIpit y will It. 1- itoeilt illly dli!trilit d. Fisoi one repl icat ion to

I,. t(lh I i W I. '1,t tvi il t tI ttg, thle ak  wi t hott -tI l,-t ilg tte dist ribuit ion

I i if v Dt'c; illjtt totlice sattpl ing work in this case? Indeed it does,
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as we show In Figure I , with N - O0) ;Ind x - 13.8. The error is not as small

as it was in Figure 3, but this could be compensated by increasing N.

The distribution of the sum of log-normal random variables is difficult

to compute by conventional numerical methods. Let us begin with an exponen-

tially distributed random variable xk as one of K inputs to the processor in

Figure 1, with x = 1. We will then generate a Gaussian random variable of

unit variance as in Example 4,

/ 2x k cos 0 , (43)gk

where 0 is a uniformly distributed random variable (0,2v). The log-normal

random variable is generated as

0
it = e ° L k  

, (44)

where 3l. is the stiandard deviation of the log-variate. The median value of

Ik will 1,(, titl|ty. 11, output of the processor will then be

K

Y , I t k  (45)
k-1

for which we will tlie impotance sampling to estimate its distribution func-

tion. The weight will be given by (40).
Because of tI-, c'omplic'ated pro-es;sor above, there is no straightforward

way to choose. x whihii modifies the input distribution ior importance sampling.m
Therefore, we will try some arbitrary values. In Figure 8 we show the exper-

imental distribution finictions for eight lases where we have varied x from

2 tl,.i 30 in s.ps ,,f 4. li oath ,ase K 2, * L  1.0, and N = 1000 ob-

c, Ivat jins. Wti ;V' rtI:lt 'III It olle of lielt cases tend to he clustered about

a !t ra i|-ht li '. ill tIl, Iormat pl:tted. The excepticc, is the X 2 case, which
m ae hc
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is too !;mail to produce values of y frequently enough in the range of inter-

,'st. The remaining caset. establish the validity of importance sampling for

this example since each estimate is unbiased; the spread of the cluster is

a measure of the standard deviation of the estimate. By inference, x - 1
m

(which is conventional sampling) with a sufficient number of observations would

also produce a result that would fall within the cluter in Figure 8. Almost

any value of x.. especially in the Interval 6 < x < 30, could be used with

importance sampling to produce an acceptable result. However, since x = 22

optimizes the procedure for a single Gaussian random variable at Q(Y) = 10

there is probably no requirement to exceed this value in the general case.

We could also repeat the above procedure whenever K or aL were changed.

We have also used importance sampling on (45) by beginning with indepen-

dent Caussian random variables as the input to the processor. The above con-

clusions were unaffected by this change, however (the range 2 < o < 8 proved

sat i.tactory).

.roni,' 8: ::u'n of !,,,;-Nrmazl Ph;awor

w,t ioII ol random phi;ors where the amplitude of each is log-normally distri-

but ed. We will gi'ntrat e the log--normal random ampl itude £k as in the previous

;ect ion (but 0, ntow refers to the signal amp]itude) and then generate the ran-

dom ph asor :Is

V k ' (46)

where ilk is a uniformly distributd random variable (0, 2n1). Finally, we

K

y Vi k2 *(47)

ol which- w1. will .is,. iIIII-ll;.IlIt-.. :;;impl ig to 0!;1 imate Its distribution function.

1i "I i1 9 W l ".how lihe rxii.i illtal;I] distriihat Ion fuinct ions for three

cases, x 1 - 18, 22, and 26, where K=2, oL = 0.5, and N = 1OOO for all cases.

The kx,s i ]let al 4Ittlvvn; agiatn clustor fairly closely throughout the entire

i i.in in prolO Iity plotted.
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tExonpic 9: Mixed S~tta tie
]Iu Examples 5 throughm 8t we hav. mamp erhimoscd random :;iamples from the same

statistical distribution. But in radar and communication systems, signals are

often combined with mixed statistics. For example, radar clutter, which is

often assumed to be log-normally distributed, would be combined with thermal

noise, which is Rayleigh-amplitude distributed. In this example we will sim-

ulate this case and use importance sampling to estimate the distribution func-
tion. Wce will again begin with two exponentially distributed random variables

as the input to the processor in Figure 1. A log-normal phasor, V., will be

generated from one of the exponentially distributed inputs, xl, by means of

(43), (44), and (46). The Rayleigh-amplitude phasor will be generated from

the s-vvond t-xpootent i;ally distribut ed input , x2 as

V2 = /x2 (cos 4 + j sin 0) (48)

where 0 is; tiniformnly distributed ranmdom variable (0, 21T) that is generated

within the trovt..sor. The output (If the processor will be

y = IVI + av21
2  (49)

where a is ; factor used to scale one process with the other. We will con-

strain x = I for both inputs.

In Fimire 10 we show the appl ic-at ion of importance sampling used to es-

timte the- distribution functimmn of y for a = 3 and N = 10 observations. The

four valnes of xm  1 ]4, 18, 22, and 26 were used to generate the four experi-

vmiml iJi ,v,-s. Note that they arp lightly clustered, especially for the higher

irtmb lbilit i,.-. nhown In the figuiee We have also shown the exact distribution

fucti ionm, for the conmpomnnt.s that make tip the sum in (49).

Since [he four I qerimmintal curves in Figure 10 are so closely clustered

thtromghout five odetrs of mn;gnitude in probability , vven with such widely dif-

t(.m-nt vamlmmms of the imptrtam tmt .minplinmg sealing para;meter , x, we can conclude

with Ii gh pmobability that the trite di:stribition also lies within the cluster.

Tim!; w' maim ai so cmne htl, tiat ilmmmjortance s:ampling works when the process

-



27

10-4- 1 1i 1IT r I IT 1 1 11 ll 1 rITT T-1-TT----TlTT1--r-

" 2
0 -Exact, jV11

- /, Experimental,

IV + 3v2W 2

(r
flj.J

- I I.II

IU I iI
j a} b.5 5. 5.5 6-0 6.5(-'I 0

IIIRF-SHOIO , og(y)

Figure 10. Applicat ion of Importance Sampling to Example of
Mixed Statistics (N - 104)



26

under investigat ion involves a combination of random variables with differ-

ent statistics. In the application of importance sampling one probably should

create all random variables by some transformation of a set of input random

variables with a comon distribution.

EzaVe 10: CFAR

A simple approach in radar to achieving a constant false alarm rate (CFAR)

In the presence of nonstationary noise is to set the detection threshold on

the basis of the average noise power in a number of reference samples where

each of these samples Is assumed to represent noise only. Such a sche'me is

denoted as cell averaging CFAR. The output of the processor might be

R - (50)

pI I I

wh,re x is the s.in ,lv tinder test and the set of samples {x.} form the CFAR
1

ref.r,,nce. Note that if we modify all R+l input variables equally by changing

the romnon tr,.ii. value , the output y remains unchanged and importance sampling

would seem to he inapplicable in this case. One could apply importance sam-

pling to y if p(y) were known; however, this would be a severe limit to the

app roaclh.

In order to find a method that works on the input variables it was de-

cided to treat the numerator in (50) as the input process; the denominator

will he v emrrated internally to the processor, just as we generated 6 in

Exiimlne 4. Tli r.;r;(Irivg behind this cholice is that the variance of the dc-

at or i!. v uch Iv".,.- lhilm Ihe iume.rat or, and the low probability behavior

r(, I ii,- ntm-i a or Iha a ieich greater impact on the outcome than does the de-

nIrmirnit or. Mhwver, inless R is reasonably large we will not get much of an

implr wivmnt witt i|tp rlpetace s:aipling c ompiared to the conventional approach.

If thi rlird,, vari.ll.; are eXionenr ially dist ribited, the following number

of o-,.ivat itk-is N will bh nueded for each value of R to provide the same

quality of -oIlt with i orlritir, samrrpllng IQ(y) 10-6 ]:

t.I
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In most applications of cell averaging CFAR in radar we will also employ

some noiwobvi-tnt integration of samples prior to forming the CFAR ratio. In

such cases w,. ran write the output as

K
k.lXk

k1Ay = - - -.. .. ( 5 1 )

xi

Usually th .i will be M refe ience s;amples for each sample in the numerator,

so we can write R = KM. In a typical situation we might have K 6 and M = 10

so that R - 60, which permits us to use a reasonably small number of replica-

tions to det,.rmine Q(Y) with importance sampling applied to only the numerator

of (51). In Figure 11 we show the results of this case with N 10,000 obser-

vations; all random variables are exponentially distributed and x = Sx for

the K = 6 input variables. Thus importance sampling also works with cell

averaging CFAR. but we have been forced to redefine the input to the processor.

2.4 CONCLUSIONS

I illrt "1i.e sampl iol has wide app] ic:at ion in the ;iiiiol.at ion of signals in

radar alnd r'Jnulication systemns. It is robust and efficient, producing re-
liable est imates of the low-probability tail of the distribution function with

typically 1000 replications of the experiment. It has been shown to work with

multiple input i)rocvs.s when all inputs belong to the %ame distribution and

are dis'torted elu~ally. For a proce,: involving a comblination of ! veral types

of signals, ach flor a differi-nt statistical family, one can still apply im-

portance saijl ling by redefining the procedure in which the signals are gen-

erated. In .-ffect. a new pro ,(;sor Is created so that all input signals will
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belong to the same statistical family and all will be distorted equally in im-

portance sampling. In a"e cases, such as with cell averaging CFAR, we will

even have to redefine the input to tnc processor. It has been shown that one

can begin with either Caussian or exponentially distributed signals and gen-

erate practically any combination of statistical signals used in the simulation

of radar and communication systems. We are unaware of any situation of practi-

cal interest where this procedure would fail.

I
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3. MODUIATION OF CLUTTER WITHi A SCANNING ANTENNA

There are two basic ways to scan the antenna in a ground based

search radar: either continuously or step-wise. In the latter case

we can assimne that there is no antenna motion relative to the ground

for a fixed time which we designate as the on-target time. Received

pulses from the ground clutter will be partially correlated which is

due entirely to the internal motion of the clutter itself (the wind-

induced motion of trees, etc.). If the antenna moves from pulse to

pulse, then the return fron any point on the ground will be amplitude

modulated as a result of the time-varying antenna gain in the direction

of that point. The correlation properties of ground clutter will then

be affected by the scanning modulation in addition to the internal

motion of time clutter. In many cases, tihe scan modulation effect

dominates the internal motion effect, and for simulating clutter signals

the scan inodulat ion severely complicates an otherwise straightforward

i mpl e.ment a ion.

For the purposes of this discussion we will distinguish between

two types cI radar signal processing: continuous and batch. With

cont inuole. processing the radar generally utilizes all past data in a

recursive filter to process each pulse, and there is usually one output

signal for each pil:e. Cont inuous processing is often implemented in

c'rnt itilotmuly sciiiiiim, s;yst .os. at least for older radars. With batch

pmiote s!.i heIl radart co]l--cts a sqlmence of pulses before any processing

is imp
1
in-, ntid, amid the processing from one batch to the next is independent.

hatth pns,.,;f;ing it; implemented on all step scan systems (as known to
Ie ;iutbioi ) mid .;moine of the ntwer continuouis scan syst e-ms, especially the

3 D search radars utilizing an electronic scan in elevation. The FFT

processor is one example of a batch processor.

The d ist lnct ion between continuous and batch processing has a dra-

mat ic off, ct on thk, t-chniquets used to simulated clutter signals, so much

si. that the techniques and computer algorithms used for one system will

bear litt I.- tlmilariLy to those used for the other. In effect, there

wi I I be Iwo list toct ly different computer programs requlred, to simu-

lit 1 lit bm vo s. s r-;i-;m n is t hat I lie comit litious processing

....................................... " i.... .......... ............... .....
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system demands almost a pulse-by-pulse approach to computing the inter-

action of the antenna with the clutter geometry, while the batch pro-

cessing system usually needs to be updated only once for each batch of

pulses. The latter case is simpler and cheaper to simulate, and few

questionable approximations will be required out of necessity. For this

reason we will concentrate our discussion on the continuous processing

system. We will assume in the following analysis that the radar has 2-D

resolution and the antenna has a fan beam in elevation.

3.1 FORMULATION OF THE CLUTTER SIGNAL

Let us designate the complex signal associated with the kth scatterer

in a range resolution cell as Vk(t), which we have made time-varying in

order to account for internal motion of the clutter. In general, IVk(t)1 2

will have the dimensions of radar cross section (RCS), or some power

si-alitd version of it according to the radar range equation. In addition,

let g(O) be the one-way voltage gain of the antenna in the azimuth, 0,

direction. The composite slgnal (complex voltage) received by the radar

when the antnna scans cont inuously in azimuth will be proportional to

V(t) = -Vk(t)g2( Ot-k) (52)
k

where 0 is i ome reference angle, 0 is the scan rate, 0 is the azimuth

of the k I scerer, and the ,aimmat ion is performed over all scatterers

within a range r esolution cell. Differences in range among scatterers

that would Ci'feCt the pha.lse of superposition in (52) are implicitly included

in the definition of Vk(t).

As written (52) Is nontrivial to implement becaunse V k(t) is a

two dilncrislonal process: sp~atIa] and te.mporal. Without any simplifica-

tion (which can be done only through approximat ions) we must evaluate

(52) tor each pulse, and at the very least we must have one scatterer

(in a range iing) for each pulse throughout a 3600 scan. For a PRF

of 400 liz and a 1( !,,.c scan we will have 4000 total pulses and at

hlect 4000 .a'atterers. The process Vk(t) is thus described by a

r*
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4000 x 4000 matrix (neglecting the "edge effects" at the beginning

and end of the scan). Clearly. some kind of approximation is in order

at this point to reduce the size of the problem.

One approach would be to assume that g(e) is negligibly small for

101 larger than some value (where 0 = 0 corresponds to the mainlobe

axis.) We could simulate only the mainlobe or the near sidelobes of

the antenna, and assume that there is no contribution from sidelobes

furt. ,r out than some point. The problem is that in some cases (in older

systemes) just simulating the mainlobe might be adequate but in other cases

(in newer, high-performance systems) we might have to include many sidelobes.

Just where we should stop simulating sidelobes is not rt'idily apparent

since it depends on the system being siiiolated. Few ground rules can be

givtin tither tlt;iostn very littic anllysis has been performed on this

subject.

Another approach to simplifying (52) is to focus our attention on Vk(t).

In guneral, this process can i. ;llsoused to be random (for the objective

Of di,-vi illinig dhli-ttiol t l ti tl illaace), with the statistics of one scatterer

bet in,,, iflllii.lllid.nlt Il ioy th er. Tle random process will b! spatially

llcorrelated. It is fairly clllion in the literature to break up the

scatteiiog prllprt ies of grollid clutter into two components: an ac

I' lllJ1p)t1l it and a dc cl lollenpot i. The ac clinponent, t lie t ime-varying one, is

the result of t, Umot ionli of t rees, brush, grass, etc., and is generally

Ilih tip of ilially idi iv idoilt s.ltttviers (e.g., the Itaves on a tree)

wliv. no ;ingle e doinit.5. Soch a process is easily justified to

be Caussian, at le'ast within a relatively small area on the ground.

On tihe othe.r halli, I d llt-lmflnolnt i:5 associated with rigid objects.

;illf ;lY ll),ll' i, i~ll~ldl I ll'' I Itlllks. vllil-l -Illd structni", s t c., and non-

(I,,ll C iI. !tI;tist its lsually prevail in this case. In general, the dc

, 1i1lie111tlt is !it i ll, (l (highlr power) than the ac collnpohi oit.

With hl til alllV li st intl ion Itwe i tLhe twi Colliill it , let us define

V (t) - V k(t) (53)

whi.I . VI i! the dc l ,.iiln l ut lI the kll :1sttl',et and Vk(t) is the ac
t -41 -i~ l t. wc

+
l I Il't 4 (2) lit e (1 we obt ain
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= k 0 Otk) + .V (t) +4-0_k (54)It k o

At first glance it appears that we have complicated the -ituation because

we now have two suimnations insted of one. However, the first one is

straightforward; it is a circular convolution, something that is easily

implemented. For the second sumation, which has all the inherent complexity

of (52) we will truncate the antenna pattern as described previously, but

now the effect of the truncation will be much less significant since Vk(t)

will u.ually be much weaker than Vk(t).

Eqliation(5 4
). or at least the second term of it, is not particularly

economical to implement in terms of computer time, especially when

computing false-alaim performance. For this reason we will pursue

further approximat ions.

3.2 FURTHER APPROXIMATIONS

In general (54)&dsci ibe a nonstationary process because clutter

.:amph's in o10' azimiith ;Lecttor can be mu'h stronger than in another. This

is another way of :aying that clutter is spatially nonhomogeneous. If this

property of clutter applies to both terms Jn(5 4 ) then there is little more

we can do to, simplify the expression. However, If the ac component of

clutter is homogeneous (mere speculation at this time) we can treat the

second term in (i) as a stationary process. With this assumption we

can apply Fourier analysis to determine the spectrum of this term which

we rewrite as

Vic (t) V k(t)g
2
(6+Ot-0k) (55)

k

i Ot ntililr the !ettond Ilom(lnt, let us write

Ia( .*Ct EV(t )VI(t )g 2(O +Ot-0 )g 2(b +Ot-e (56
k

Wli.,i we lake Ihe e average of (56) the cross terms vanish as

Vk(tI)VL(t 2 ) = 0 , k j Z



36

so that

V5(t ()V 2 V (kt lJVk2) 9(B. etlfek)g(eet2)2e2 _

I "1 (57)

t rrelation function
of composite process

autocorrelation function of
clutter internal motion

The autocorrelation functions above will be assumed to be nonstationary

(even though we will later assume that the autocorrelation function of the

clutter internal motion is stationary). Thus we will define

R(t 2 = Vk(tl)Vk(tl) (58)

Rac(t, t 2 ) = V aC(t 1 )Vac(t2) (59)

and

hk(t) = g240o + t - ok) 
(60)

Note that we are assitming that (58) is independent of the subscript k so

that the c lotter process is spatially homogeneous. With this notation, (57)

aC (t k t hk (tI ) hk (t2 ) (61)k

At this point we will itroduce the two-dimensional Fourier transform

as t!;('d in R.fer 'net. 7, so tlat

l'(flf 2 ) f (tl't 2 ) e-J2,i(fltl f 2t2 ) dtIdt2 (62)
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and

R(t 1 ,t 2) = r(fflf f 2 e J2w(f 1 t1 - f 2 t 2 ) dfldf2 (63)

with a similar set of expressions for rac(f]ff) * R ac(tlt 2). The two-

dimensional Fourier transform of (61) is now

I f'lf) 2 ffk(tl,t2 ) hk (t 1 ) hk (t 2 ) e-j2w(f t 1 -f 2 t 2 ) dtIdt 2  (64)

Let t= -tI and assume that R(tlt 2) - R(), which is the definition of

a st;at ionary process. After some manipulation we can write

af k c 2{fhk(t)hk(tl-L)e-j 27t I (fl-f2) dt
, dr

(65)

T' ,lii.ijit ity within the' braces is the ambi uitty function of the waveform

h k(t ) . Let it,; lfinic

Xk(Tf) = fhk(t)hk(t-) e-j2ift dt , (66)

so that. (65) b:omues

r f J(L)Xk(1,f -f 2 ) e-J21if 2 1 di (67)

This is about as f(.r as we can conveniently go without solving for a speci-

fic ,.X;ample.

3.3 Till' :AUSSIAN RRAJ

If wt. " a;uII that tIhe iint enna l.;unnha pe is Ca tl.ss lan then the integrations

,Mu r I;4 t ivV ly I rai ' i b e. I n pan i:tlar let

h a2
hk(t) e~a (68)

+ .2
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for the mooast. Then it can be shown that

X(,) = e - 712 1 2 / 2 a e-a 2 /2 ej11
f 1 (69)

Now if the antenmna pattern is defined by

g = e-(aO/e 3dB)
2  (70)

where a = 1.6651 and 
0
3dB Is the one-way half-power heamwidth, we note that

from (60) and (68)

a=( 03dB) 2  
, (71)

,;ldd

and

t t + (0 0
k)/

0  (72)

Thus (69) i g lviii by

xta f) IT O3,1H v .Wh /W) 2 . ' ( /0 3dB) 2C 1TH ((Oo-Ok)/O -/2) (73)

Nottl t hat in (07) tlit. so..script k is only :associatecd with the ambiguity

l i . ,,Ild in (1) tiht' s ta,.'ript k oitly ;aippears in the last t,.rm. Thus

it w, !.un (73) ov'r k wt- tist (valut the following expression

I ed 21ff ( (00-0 k )16, 17[ ) -(74)

k

111w,'\,,. . t l IIIa, iltl a a ant!; b,,'at, .. !t;all so that the s mtat It on approaches an

Irt .i,tat iita, (14) will have a signifivant value only for f 0 0. As the

limits on the mtg A,.t ion gett larger and larger. (74) becomes more like a

I-
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6-func (Jon, l 6(f). For our 1;rll.svt- we will ,assume tal t it Is i 6-function

btcau se w will ne'ver viliploy lung 'lough integration Limeli Lo be able to re-

solve the difference in shape of (74) from a 6-function. We must also in-

clude a uc:ile factor in the evaluation of (74) as

J2f -) ' 6(i) (75)

k

where AO is the azimuth spacing of the clutter samples around the range ring

(or the average spacing if the samples are nonuniformly spaced). With this

assumption the summation of (73) over k becomes

Xk(0f0 / 2 3i(:B e-%((I/O 3dB) 6(f) (76)

k aOe

Futiitl.imiore. (67) reduces to

r;c.(fi,f 2 ) 6(1 1-f 2) fR(T)X() e~J21f 2T dr1

(77)
where(

X3) = V21 3d'B e-(O 1/O3dB) (78)
2 iAO

Note that (17) is Just the auto-orrelation function of the beam scan modu-
i I ]lat iOI ll llut ion ill (60) withl lhe C ;ul!;sialn beam a~sumlpt ion. Fiirtberrl!e,

MI/) i;.hiuu;ullr aliog tile f. I= f2 "xis, whirl illeans that tile resultant

pro cess i!; -oat i.ry 17). If we (dtusinate Sac(f) as the power spectrum

Of thlisi slttitoIaI;ry prlocess t ten we can write

acIf) " (-I)()-j2f dt

Now let M, dei ille lile followiug Fourier transform pairs

1ia
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Si(f) *-* k(t) (80)

G(f) *- X(T) (81)

so that the spectrum of the composite process in (79) can be written as

S(f) S i*C(f) (82)

where S. (f) is the spectrum of the clutter internal motion, G(f) is the

scan modulation spectrum, and the star designates a convolution.

Let us continue with the assumption of a Gaussian beam. We will define

f -O26(83)
g vr 03d

B

so that when we Lake the Fourier transform of (77) we obtain

f MB U -(af/f) 2

2 AO(84)

normalized to unit power

Note that f ii thc, two-sided half-power spectral width. Let us also assume

thit R(i) is a Caussian-shaped autocorrelation function

T
O  

)2

R(') = --- e (85)

Note that this aultucorrelation function applies to a single clutter sample;

Iherefore we have chosen PT as the average power aSsociated with all clutter

within a range ring throughout 21 radians in azimuth. The Fourier transform

of (8') is a 1s. (a.lso Cti-sm .shaped as

1'.AO 2S1( ) ( 1 - I h ( 8 6 )Si(f) 2 1 im

normalized to unit power

,N,
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where

b ITf InL

and fim is the two-sided half-power width of the internal motion spectrm.

The convolution of (84) and (86) is

S3AB U e-("f/fad)
2  

(87)
ac T Vr 2 27 1r f

ac

normalized to unit power

2-way half-pjwer beamwidth : 2Ti

1.064

I(,t;jl iower in range ring

whe.re

2 = f2 + f2 (88)
ac im g

We can neglect the scan modulation when fir >> fg. or from (83) when

1ir .621 6/03dB (89)

WV. can rplac, Lhe" sign with a 4.0 without any noticeable effect on per-

rmalC

I!
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4. (;INIkA'rN(; CLU'I"fER SEQIUENCES FOR A GKOUNlI-BASED RADAR

In Reference 8 several general techniques are described for generating

clutter sequences. They are all based on properties of the discrete Fourier

transform and the fact that samples in the frequency domain will be statis-

tically independent of each other. We will generate a set of independent

random phasors (X(nAf)) at uniformly spaced increments, Af, in the frequency

domain, such that

IX(nAf)1 2 = AS(IAt) (90)

where S(f) is the desired power spectral density and the bar on the left side

of (90) designates an ensembel average. The amplitude distribution of the

phasors {X(nAf)} need not be Rayleigh 18J. The correlated time sequence is

obtained by taking Lhe discrete Fourier transform as

x(kAt) =-E X(nAf) ej2rklAfAt (91)
n

Usually the sample spacing in the time domain. At, will be given (e.g., the

pulse repetition period in a pulsed radar), but At is under our control. Be-

forc we define how Af should be chosen we note that the time sequence repeats

with a period given by

T = 1/Af (92)
r

"'t "s also d i the two sided half-power width of the ,ipectrum as f3dB"

Ti( correlati on dik;tant e is thlen approximately

Tc = 1/f (93)

?;inc the t nei :;,.quence repeats with a period T r we can utilize only ar

,,it,,,i of 1 i11, i".,iod with"lut having the hugifnl i ng oi tht, de,s ired :;eiu( ce

bting correl ated with the 4-nd. We should therefore choose

T T + 'r (94)r - u

I - -- -_____ ____ ____
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where T Is the duration of the desired sequence. If we make use of (92) and

(93) we can rewrite (94) as

Af < I + I3dbT

There is one other constraint on At: We must be able to resolve the spectrum.

From Keference 8 (p. 120) we must havc Af < 0.63 f dB for a Gaussian-shaped

spectrum. The constant will be slightly different for other spectral shapes,
but it will probably not be less than 0.3 for ground-based radar clutter

spectra. Therefore we can write

Af < 0.63 faB* 'in 1, - f3dB (96)

In general, f 3<111T will be less than 0.60 for a ground-based surveillance

radar, so the simple constraint Af < 0.63 f3dB will apply in most cases; how-

ever, (96) will always be applicable.

There are two general ways to implement (91): the fast Fourier transform

(F'I) anti bute-foree approaches. We will now discuss each.

4. I FFT AI'PROACII

Let us (t in, thli repel it ion I rqiluency ,as

I - I/At (97)r

Next, let us divide this interval into N equal increments so thatr

Af - frIN (98)

From (97) w note that

N r I/AItA (99)
r

so that (91) can It, writttii an

N r-1 j2jTkn/N 
r

x(kAt) - ) X(nAf) (100)

i0

-2.
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which is the coiventional definition (it the discrete Fourier transform that

can be implemented as an FFT.

In order to ,eturmine how large Nr should he let us latilize (98) and the

inequality Af _ 0.63 f3d, and write

Nr :. 1.60 fr/f3dB (101)

with the underst.nding that N might have to be even larger if (95) were to
r

apply. Now let us work with some numbers. A general rule of thumb is that

the spectral width ou ground clutter for a ground-based radar with a non-

scanning antenna is about 3% of tile maximum wind Doppler IS]. Thus we can

write

f3dB .06 Vw/A
)8 w

wit. r' V is the wind velcity aod A is the wavelength. ror V = 10 rn/sec andS w
.It (I--bald) we have I3db = 5 liz. If the PRF is I kliz (fr 1 1000 lz)

then (101) lvcomt.s N - 320, which is a large number, especially considering

l hia we mnig gt ili Iiz,- at most only tbout lb samples in the time domain.

il, disiadV.it agi of te li I-FT approach, at least as defined so far, is that

t Of t Il-.pe. ll11 t;lIlI ies will be zero. FEven though tile FFT is efficient,

t mu.t still impIemeuont Lilt. uultiplies by zero. 'the next approach avoids

Ii h li Iortt-milig.

* . itBRUI- FORICF A IIlWACII

Tie bru it -or,,. -i 1)r(-lch i a direct impeilvikntatioit of (91). We defite

the :;ample ill tiht i t,zIuro'y omain only over a limited region of the power
-.-ctial dirnsily. II we titi ize At - 0.63 13dB' then as few as 5 or 7 samples

iI Ie s1- li it'at to l I i 11' tIle Spect ral process (as determined in Refer-

* it'. 8 h|i" Ai.i; ial-sd a;pectra; the rule might be different for other

.;-tl;,I !sliovs). Mrnitnvet (91) is implemented only for the desired number

,f t im. !ao1pics. If N| and N are the number of frequency and time domain sam-

1v.i' I- -tt |r ly, thl(.u titl. comipitation time ill lie proportional to the pro-

In-t NN ,, istead ,,I Nrlo.,N for tie W' approach. But since N << N r and
r r r

N N, wilI ustially b trit' for grotind-basod r-adars, the brute force approach

will uso. Ilie f (It.r lii1 tile FIT ajpproach for gcrierating clutter spectra.
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4.3 FFI' APPKOACil Wli INTERPOLATION

If 'r f3dI.' is it is with most ground-based radars, then many tonsucu-

tiye time-domain samples will be correlated. We can Increase the sample

:.pacing At in (91) or (100) to reduce the computation time for the Fourier

transform, and then utilize interpolation to obtain samples at the desired

rte. Let us define the reduced sample spacing in the time domain as At',

aid

I = At/At' (102)

Similarly, we will deline I r I/At', so that

h = f r'Ifr (103)

1urthOermore. we will det ine the number of samples in one repetition interval

ii th], frt-queIcv dmiain as

N ' = f '/Ar (104)

.nJ; a rt,~U1t

N = N '/h (105)
r r

Inverpolati ,m in the time domain causes spurious responses in the fre-

quiltcy domain fij. If we wish to hold these spurious responses to 50 dB be-

low the desired Olutter power, we must choose fr' _ 10 f if linear inter-
fr > 1 3dB

pilation is used (8, Eq. 8.611. Now we can use (103) and write h > 10 f 3dB/fr;

hkowever, if thi!. ratio is greater than unity we will not implement interpola-

titn. Thus w#- van write an equality that will provide -50 dB spurious responses

for l inear intel polation as

h = minlO f 3dB/fr, 1) (106)

If wo ust; At < 0.63 f 31 in (104) w. van also write

NrI > 1.60 fr'/f3dB (107)

which is equivilvut to (101) applied to the reduced sampling rate. If we com-

bine (107) with (103) w, obtain
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N 1.60 h • /f (108)
r -r 3d (08

and with (106) we have

N r > 16 * if f3dB/fr S 0.1 (109a)

1.6 f /f3dB' otherwise (109b)

Note that (109a) provides the largest lower bound on N ', so that we can writer

lor all cases N ' 16. This is a factor of 20 less than N in the example
r r

in Section 4.1.

Let us define N = T/At. Then i rom (93), (94). and (97) we can write

Nr > N + fr/f3dB (110)

With (105) and I tO f 3dB /f, We obtain another lower limit on N ' as

N ' (N + 1O)h (111)
r-

:;ually for a grotiv hase,1 surveillance r;adar this limit will be lower than

009.1).

In Table I we list the performanie that can be obtained for various param-

ter choices. The use of the table will begin with a specification of the de-

.ired spurious spectral response level and accuracy. For efficient computation

I,,. lowest value o,1 N ' should be used, although some consideration should be
r

'Vi e t rhe ('se of N r = 1=6,32,b64,etc., because these values are especially

.'Ifitient I'7 siz.-s. Wte will be given N, the number of time samples being

ti~ and tit. rtio fdIf We will then compute

h = (fr'/f ) f. (112)
r d Id i d II r

h..re (Vr'/i ) give'n in the table. If h , I %2 will not implement inter-

pit a t ion. Next we wilt th'eck the constrai.nt on N in (111), which we rewrite as

N N'/b - (f '/ ) (113)r / ...d. .
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If it is sat isAt ied then we -. t ust. tiht jitcular option; otherwise. we will
hasve to ust. a larger value -,l N I'. l.vt niot w consider the example f 3 dB /fr - .01

and N = 32, and assumlte that Optison A would be suitable if it satisfies the con-

straint on N. We obtain h - U.10 iuA the (onstraint N 1 ISO, which works. On

the other hand. .uppose that 1 kbhl/11 - .05 and the performance of Option E

were th, minimu t aceptable. Now we ,tain h = 0.80 and N 64, which works

(Option; F and 4; would also work). W. should comment that when h is close to

unity, as in the Last exumph,, int 's ,,,I it ion may not offer any computational

advantage over the straight FVL .r..sh. We could have chosen Af fr /64 =

.3125 1 dB" and we could hlte, tlit i,'id N - 64 - 20 4 44 time samples without

Interpolation, which would h.wV, i,:.uIted in a slightly faster computation. In-

terptilation pays off when I < O.'. ,,:,pvt,.illy bit for very small values of h.

When 0.5 < It < 1.0 the issue is not s.o dc iseve as many factors come into play.

We (-an comparv the comput;it ion t ileh for the brute-force and FFT (with in-

iierpolation) approaches. Ftr the former the computation time is proportional

1 0N * N,. whet.- N f is the number of samples defining the power spectral den-

it, For tile I-FT hiii comptiit ion time is proportional to N r' log 2 N . On

io ,.o -it ii-u!ii r -ipottr tht bite- tlic' approach will be faster when N sat is-

Siv,n th,, I ,llowili:

Nr' N t N = 7

lb N5 N 4

3? N 14 N 10

,, N r 16 t .i- ,nstr:iit!,; (if N 4 or N < 5 will not usually be of practi-

.A1 it. rc..t ill i..ir simul-it ioo.i;; cviin i t w t w ile t, (rested ill ::imulating

i4 *-w-.iipli.. it wotuold I. !;t ill ril.it ivc-ly (,fficient it) utilize tile FFT ip-

l';clh with iliti-rp.I;it ion. For N ' -3 52 thi're might be a few situations in
r

ihi ch thc brnita-i ir. ;appri.mch would olfe fr a computational advantage, but the

l\-,iitiW, will ,,.v.r -ll grit.

. . ... . . . . . . .. .. . . . . . .. :
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5. S ItUI.AT ION PROGRAM

A very convenient. iexible, and computationally efficient Fortran program

has been developed to simulate detection performance for a ground-based radar

against airborne targets. The quadrature components of the video signal are

simulated in the neighborhood of the target. and the received signal is pro-

cessed in the receiver in the same manner and sequence as it would be in an

actual radar. The scattering environment is described in a statistical manner,

as well as the fine-scale location of the target within the azimuth beam, range

gate. and Dkoppler filter. By repeating the run with independent random inputs,

the detection statistics are accumulated in the form of cumulative probability

versus threshold setting. If a target is absent, then the output is probability

of faltie alarm ver;us threshold setting. Importance sampling techniques can be

used to increase the effici ency of this calculation.

Practically any :;ltuaLion of interest can be simulated with parameters speci-

fied on input. Listings of the program as given in Appendix A include a descrip-

tion of all input paramters, as well as the procedures, assumptions, and limitations

within each simulttion step. The main program (MAIN) acts as a driver, in which

calls are made to sobroutnes that geterate specific signals such as

" the target (TARGEI')

" clutter (c.IIJTR)

" receiver noise (NOISE)

in addition to a subroutine that processes the received signal (PROCES) and ac-

cumulates dtettIon ip rormnace statistics (DSTINIDSTPNT,DSTFUN). The simula-

tion procedure can b easily modified. For example, as written, the main program

permits two types of ,'lutter to be generated, ground plus rain or ground plus

chaff; all three types can be generated with three calls to CLUTTR (which also

rvqoi rv' ; additin; I piarameters to be defined on input).

5.1! I N1'T PARAMETR+S

All input pajaln tcrs are capable of being defined in DATA statements in the

miln progrin or via NAMEIIST /VALUES/ for each simulation run. We will discuss

th,.,;, palillto! rs ,I; a lhty retlate to each simol;it ion funct ion.

The nominal location of the target is defined in terms of its range (R) and

altitode above a spht.rical e.irth (liT). Its velocity is incorporated in the
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simulation by defining in which Doppler filter (KYILr) the target appears

(K3ILT I for de). The average radar cross section (RCS) of the target is

also specified. as well as a fluctuation parameter (MWER). The fluctuation

is assumed to be slow (pulse-to-pulse correlated but scan-to-scan independent),

and the following cases can be handled:

KSWER Case

0 nonf lucLuat ing

I Swerling Case I

2 Swerling Case 3

>0 chi-square with 2*KSWER degrees
of freedom

The target position as described above is nominal; for each statistical replication

the actual position Is varied randomly throughout the azimuth beam, the range gate,

and the Doppler tilter. The beam scaiinig and straddling losses are thus incorpo-

ratd it the iriutlat ion.

j-1 .iI IV l~lol Im,'l- us ground clutLer can be simulated. The model used in

thimi pol'- ri, Ii:;, tio i-rv i.ite d one, in which a value of o (the backscattero

cok I j t i iit) it, g'.l.taed ifr ole square of size RCOR from a statistical distri-

but lint at t;i v 1i,,g--nownal (i1V'>0.) or Weibull (SVP<}.). The o for adjacent

sqtillis in thc format if Figure 12 is generated indepenlently, but within any

,sqitmrl cthe o( i: o t' ant (i mrogenous) with an assumed Rayli.gh amplitude dis-

tribut iho ipptyiig to iach cl,,mntal arlca within the square. The global average

I sm ,filled 
1  

SW ( 11 Illtl L. ior Iwmiiogcneous ground clutter set SV I=.
Two tnmiol. i or the clutter si-ct riun (not including the scan modulation) are

fit, hldt'd. They ;,t, it ,a ist ian s;\im Ie T=4) ind a genera] iapt* (IT O) of

I -

wh, i, - ir (tht. mt l im p l all I Vr I;t c t:; tiv cll(ice to IT = . or 3). Tie half-

111 . Ta;ml width tvIitive to the PRF is definel as iWTR. The above descrip-

t i-tI olr tliet t loter :. t I tluml is dts i gnat td as tie "ac component.'' There is also

i a h ,,,;jm,,mm0t tIme. mw'st . f which it; DCA(
/
tmi.s the power in the ac component.
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The user must determine If there will be any ground clutter at all because

of terrain masking, and whether there will be any enhancement of short range

clutter In range-ambiguous situations (R'-C/(2.*PRF), where C is the propagation

velocity).

Rain/Chaff Clutter

The volumetric clutter is assumed to be homogeneously distributed in a layer

between two altitudes (HI and 12. 112 > HI) relative to a spherical earth. The re-

flectivity. or backscatter cross section per unit volume, Is defined as REF. For

rain clutter set HI10. A Gaussian shape is assumed for the fluctuation spectrum.

The spectral width of all types of clutter, and the mean Doppler of volu-

metric clutter, are functions of the wind speed (VW) and direction with respect

to the autenna beam axis (AN;L).

The radar system is deiiiied by the following parameters:

PT peak transmit power

(:0 = peak antenna gain, one-way

WI, = wavelength

11W '- pulse (rvsolution) bandwidth

PRF pulse repetition frequency

F. = product of noise figure and rf losses (L>O)

AZJI)B = half-power width of azimuth beam, one way

ITYPE type of tican (=I for step, =2 for conti nuous)

A:.IDW EL, azimuth angle through which the antenna steps (lTYPE=l) or scans

(ITY'L=2) from dwell to dwell

I'SAT receiver saturation level, after pulse cancellation but before
D~oppler lII itt ig

NCOII number of po1:;us colie ently integrated

NNCOH number of pulse groups noncoherently integrated at same frequency

N'NCI uumher of stages of pulse cancellation

NR tunber of i.age gates simulated (=1 for conventional threshold

'l ect ioll. >1 but odd for CIFAR processing--the nuber of CPAR

ref, l t 'll, tells is NR-I)

LAW dt it Ion Ilaw ( -l for linar, =2 for square law)

.i dwe II ' ; I. NIUOlI*NNC:lI)INCNCI. pullt;.



The protts inl', stal's in the receiver art- ansmumed to be in tile following order,

beginning at the front end:

* range gating

* pulse cancellation

* saturation

* Doppler filtering

* envelope detection

e threshold detection or CFAR processing

The resultant clutter spectrum for tile scanning antenna (ITYPE-2) is modeled on

the basis of the Caussian shape for the beam and input spectrum.

imuZation

The number of statistical replications under the same nominal conditions is

specified as NREP. For false alarm analysis set RCS-O., and importance sampling

can be invoked with KSW-1 (conventional sampling will be implemented with KSW-0).

The distortion parameter for importance sampling is XM, which should be established

by trial and error (too small of a value will result in infrequent false alarms,

while too large of a value will cause underflow/overflow or other diagnostics;

XM=2. ts a reasonable first guess). As set by a DATA statement the number of

azimuth samples simulated for clutter is NA=21, and the spacing of the samples

is computed in MAIN as DA=.2*A"3D i . The user can decrease the running time by

choosing NA-l and UA=.4*AZ3DB, or NA-9 and DA=.5*AZ3DB, to encompass ± 2 beam-
widths of the azimuth mainbeam. Further out sidelobes can be accommodated by

choosing NA and DA accordingly.

Debug printouts can be obtained by setting LDBG-O. In addition, it is pos-

sible to obtain a printout of the signal spectrum in the first range gate (or any

range gate with suitable program modifications).

%.2 INTERPRETING THlE RESULTS

For conventional threshold detection (uon-CFAR) the output of the Doppler

filtur(s) wnder ttet is normalized by the Input noise power divided by NCOH,

which is the approximate (receiver) noise power in a Doppler filter on output

(it would be the nriie power if the filter weights were uniform). These detected

outputs are then accumulated in a histogram, and the histogram is integrated to

obhtain tile cofulate dis;tribution function versus relative threshold setting.

Fr (FAR piocessing thv output of the D~oppler filter under test is normalized by

I
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the average of the NR-I range gated outputs forming the CFAR reference (half of

the gates are in front of the range gate under test, and half are behind it).

No order to determine what the threshold setting should be set RCS=O. to

get the simulaited false alarm probability versus threshold setting. Usually, the

false alarm probability will be given. Then with RCS>0. we can read out the

probability of detection that corresponds to the desired threshold setting.

5.3 EXAMPLES

If NNCO0U l, KH WER I, LAW=2, and NR=I, all signals appearing in a non-clutter

region of the Doppler spectrua will be Rayleigh amplitude and the probability of

exceeding a threshold that is normalized by the average output noise power is

given by

P(T) = e - TR/(i + SNR) (114)

where T Is the nonualized threshold and SNR is the output signal-to-noise ratio.

F0r the fHi st exaIple we wi]ll examIne the false alarm performance with im-

portance sampling. The simulated parameter values that deviate from the built-

in data values are RCS=O., SIG0=O.. NCOII=I, KFILT=I, NREP=1000, KSW-1, and

XM=13.8. The simulation output is given in Table 2. Since SNR-0 in (114) we

can easily compute what the theoretical results should be. For example,

P(8.0) = .000335, P(10.0) - .0000454, and P(12.0) = .00000614; all values fall

within 10 of the corresponding values in Table 2.

For the sectonld exallple we will relict the above conditions except we will

ut i I ize foui Doppler I I tters (NCOtII4, KFILT=3). The simulation output is given

in Table I3. Because ot IHamming Weighting In the Doppler filtering process, the

noise bondwidth of a Do1ppler filter is about 25% larger than the PRF divided by
the u~l of il*,,rs (NWOM). If we 0bos multiply tile values of T in Table 3

by 0.80 prior to the use of (114). we will get good statistical agreement.

For the third ex.mple, we add a target (RCS=4.) so that the input signal-

to, noise ratio is a factoi NCOII higher (4 x 8.0 = 32.0), reduced by the following
ef fet;

Ant enna scan .69 (-1.6 dB)

D)otppl ci filter st ra.ddle .90 (-0.5 dB)

r,.,,g. nt. strad,dle .58 (-2.3 dB)

T,,Ital .36 (-4.4 dB)
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TM th( rite mu pt siguwl1-tu-,toise rato is SNK 11.5. In Table 4 we show the
a unit I atit'l rcstilts, whicht atre in good stalt iLcal agreanent with (114).
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C PU15) 1441 'C% PARiA"([16 AI(. ..

C

C r l.-c f w it Ii( I lqf . x-I 'v % 15 AS sb I fI ff hs V 1 0IME hs IChfr

I/

P; ,,I rI P I AL n, p j I I
til .. N / J I ".i*W j .N . C I

I ohI I . I I . l 'AII L I
I I -I N k l

1,. 0 *A.P1 0 9.1

A4 C.'l I).,ttS

.1 9 M-~4S'j t's. AA~ A II f(A

Ii "A I~ I *% ' I S

I. t(-' I 1 61. 1

S I -SI P Ul I -
,15 t wL * l, 1 4A

.~LI 3)~*.'4 ~ A 4.3*5

.. . . . . . .. . . . . .



SUPROUTINE CLUTTR(Xr,%,lCCWCOF, SVF. I1,DCAC,FWTF.FO'r3

C IN TfHIS SUFROUTINE WE GENERATE THE CC'VFtEX VIDEO SIGNAL FCC CLLITEP
C WITH A STFF SCANNING ANTENNA* THE CLUTTER SIGNAL IS CILTPUT IC TH.E
C ARRAY FAIR (XR,XI). THE PARAMETERS ARE..,..

C CROW =CLUTTER RCS PER UNIT AREA ON THE GPOUND SCALED TC FECEIVEC

cC R = ANGE OF INTEREST

r DA = 7IIUTM SAMCLE SPACTNG
C NA = NUJPER CF AZI)lU1hSAPE

C RCC CLUTTER CORRELATION DISTANCE
c SVP =SFATTAL VARIAPILITY PARAMETER
r VOIR =MEAN DOPPLEr, OF CLUTTER RELATIVE TO T14E FPF
C FWTF = OPPLER WIEYN OF CLUTTER RELATIVE TO THE VF
c IT =FARAMIETLR SPECIFYING SPECTRAL SHAPE ISEE Stf. PANSECI
f nCAC =RATIO OF DC PCWER TC AC FCWER
C
r IN ADDITIOn N 7S ThF NU14PEg OF SFECTRAL SAMPLES USED IN THE GENERATION
C OF 1t-E CO;FELATED PANCC SVTIUENCES,. 11 SO-CULt qF AT LEAST A! LARCE
C AS N(f 1LS4j. fVWTV.

r T1HES5E ARF TWO GENERAL CASES OF INTEREST .....o
r
C fRCLNn CLUTTE VAIN/Cf-AFF CLUITEW

C. SVP.NE.C. WNhCHGGEhEOUSI SVF=G. flHOtCCENtOts)
r FCF 0. ICTR:f4V~dVNLI'CCSlAKGL)
r nCAC.rT.s. ocC 1CD.

C FTHF ELFYATICN BEAM LOES NOT HAVE P-AK G.AIN (N T HE GROUND 17 THE
C QANnE OF lNTfQCST THFK CPOW MUST INCtUCE THE ELFVATICN REAM 1,EIGHTIN-.

r THv FOPHAT OF THE XR.XI-ARRAYS IS AS IF THEY WERF Ol Et.SICKEC

c XR (NP Lt SqNp I XT(kFtULS*KPI

rnHmtoN /COt// tNZHPULS ,NA,NCOH,,POq~,tA
cc'MOCN /TSAI,/ KSW#ISW
CCMMON0 /UBRIGf 1000
DATA TWPf.AlF3

NrmCP0F4O.CA

t 1=1
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IF (MR. EC. IF IX IRR I GO 10 2 S
SUHMcO.
A7=-.5~lNA-113OA
AArRANr lo.

W=SPTVARISYP)
DO ?0 J1I.KA
IFE'D.ECE.1FIXlAAll GO TO 15i
h =SPT VAPI S PI
t-,A=AA

A 7= A7#r
AA=AA.Ik'CA/RCCP

20 CON~TINUE

25PAVSU

CALL RAt.SECXfiTL1IXITLIt PULSFW1RIIOCAC,PAVI
IrtrflT9.fE.0.W GO TO 35

A~r,= TwCr-I*F0Tli~lK-11

XP( L) =Y)
XIII) 'VI

30 CGKTTNI'
FS RF=RR.F'./RCO5

Llr:11 NFULS
4G0 COKTINE

QFET URPN

10 FOMT W/1;CUI 9A..'5EZ4

if4
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SUPRo11TIN NOISE(,XA*,PN)

C IN T 15 SUFtCU1TINE THE THERMAL NOISE IS CSKEFAIED IN 71-E Ai;%'V-PAIv

C PM AVFci4GE NOISE FoCIE%
r T74; FORMAT Cr THE xr,.X]-ArFAYS IS AS IF THEY WERE CIXEh SIOKEC

c XRU'PLLS.N91 XI(NFLLS*NPI

fOP-J4ON /ISAM/ KSW.ISW
rCp'MGN IrCIVI, KR,KPULS

12~

ro ?s0 T'1.NR
1 SW=O

10 ?o (=INPUjLS
f ALL GAU T(XIt,,XT(L,PrK)

ETI)CN
NrC
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StP4&OtITINE FROCES X~X1.K1,K,LA%gt4CCHotWpICL, PSI
r
f 114 TIS SUfISOUYINE THE SIGNAL FRCCESEI G IN THE FECEIVER IS IPPFLE-
f P~LNTrO ON T14E ARRAV-FAIR (XR,XII. TFE ARGUMIENTS ARE*,*.*
r.
c K FIRST FILTER FOR DOPPLFP SEARCH
C K? =LAST FILTER FOR DOPPLER SEAPCF
C LAW = LAWd OF FIRST OETECTOR
c NNCOH = UI'FER CF FILSE GPCLDS NOtNCCHEAENTL'V INTEGFATED
G NCNCL =STAGES OF CANCELLATION
C rlA ATLRATICK fONER LEVEL
r
r T14E FOLLCWTN, CASES CAN BE HANLED.....
r
r. 9:OSE CAKCrLLATIOK "T! WITH RINAPN %EIGHTS
c
r NCNCL r STAGES Of CANCELLATION lNC.NCL4I NUPP.E~ OF FLLSESI
r NCNCL =0 CORRESPONDS TO NO PLLSE CAKCELLATICIN

C r.OFPLEF FILYEFIIC. VIA FrT
c
C NCCI = S17E OF FF1
C NCOI- 1 CqcFCSFONES TO NO I)OPPLER rrITFING

C SATUQATI(.N PETWEEN PULSE CANCELLATICN ANG DOPPLER FILTFcltG

r P-SAl =SATURAiTION POWER LEVEL
C SAI = .Erjq CCRRFSPONTS TO LII FAA DROCESSING INO SAILFAITI

C LAW OF FIRST GETECTOP

r LAW I CGRFESFONOS TO LINEAq OETECTID9
C LAW 2 CCPRESPONOS TO SOUAFE-LAN IUETEC70%

c NONC.OHFFNT INTEGRATION AT SAKE CENTER FREOLENCY
r
r NKCCH =NUPER CF FLLSE GROUFS NONCCHEPENTLY INTEGVATfC
r NNCVH = I CORRESPONDS TO NO NCNC.OHERfNT INTEGRATION
r
r CFAr TthflS4C1j R ErLLATIC%

r- %P TOTAL NUMEER Of RAN6E CELLS FROCEFSFE IKCLLG1 G TARGET
c NR-1 =NUMPER CF CFAR REFERENCE CELLS
r KF 1 CORRESFCNCS TO CONVFNTICKAL THRESFCIC POCESSING

C THF INPUT CGMPLEX STcNAL is IN THE AFRAY-PAIR IXF,XI), THE FCRI'AT CF
C WHICH IS AS IF THE OIP.ENSLCN WERE XR(t PUtS*NHA, X11hrULS,hR.o

r THE- NONCONFFFNILY INTEEPAILD OUTPUT CF FILTERS Ki THOCUGH X2 AFF:EARS
r IN !PPAY XF IN SAMPLES 1 TI-ROUGH KZ-K#I.. IF NO DOFFLER FILIEFI -
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r VIA FF7 IS Ir-PLEPC*TEC ThEIK tJCGH=KlzK~z. UStIALL1 If A TARCET1 x5
C (PESENT THFN Klu'? WILL CGV8RESPONO TC THE tOPPLEP SAtFLE IN* fHICIH TIE
C TARGET! WAS PLACED. If NO TARGET IS PRFSENT THEN TPEPE ARL SFVEPAL
C POSSTIJL7TIES .....
r

r SFT K1=1, K?=COF

c 2. (-;Rcukrc rLUrTTF ONLY WITH HAM4MING FILTER WEIGHTS
r
r SET 91=3. K2=NCnFI
c
C 1. r.CP PLUS WEATI-E& CLUTTEP
c
c SET V1 FIRST DOPPLEO SAMVLE N07 rLANKEr

K2 LAST COPnLFF SAMiPLE NOT FtANI(Fr

C FO;; CFAR PrCr.E5SJNC THF RANGE SAP-ALE UNDER TEST IS At.WAVS THE rrkTE9

CC S;A'PLE.

CIMENSTON 7(i181~

Crit,-C /COI1/ NNPK'UL,,NA,KCC
co"40ON /9q0urC/ Ttnr,
TE(NFULS,.NE.NNCGt4fNCOH+NCNCLl STCv t
TF(MCr.(Nr*ZI.NE..Il STCF 2
7NCO.EC.t.AK0.K.KE.t) STOP 3
r(NCOt4.EQ.l.Atr.lQ-NF.1 STCP 1.
NP CFr~-

IF(D~C.L~.00F..G.ICir, GO TO 27
CALL RfT(XL l,NULS,-,6 XR,2CH!NF1'T 7C FFCCES I
CALL FNTIXIftlP,NFC1LS,-4.FW XT.20FINPII TO FRCr.ES I

22 IrINCNCL.EC.i, 60r TO 26,
C HERr WF IMFLEM!:KT PULSE CANCELAT70N

'IrO 25 ?H=1,NCNCL

f.O 20 V=I,krP

TFtTDPC.Lf..0.OFP. .GT, IrRG) GC TO 2F
CALtL rhT(49Llt.Kr,-L,6H XR,20IAFTCR CULSF CANCELI
rALL k(ILN,4P XI,20IAFTER PULSF CANCELI
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?(- ftPSA7.GT.l.EqL;) GO TO 35
C HERE WE IMFLEtIFNT SATURiATICN

5O 30 'f:INP
WI ~f)**24 X 1 1 ) *2

IFIP.LEoPSATI GO TO 30
A=SORT EPSA 1/Ff

XTEL) 'A*XT L)

~0 CONTINUE
IFfICPG.LE.0.OF.I.GT.IGAG) GCOTO033

CALL FRNT(XR(LI),KF,-.,6H XF.,201-AFTER SATURA7TC I
CALL FRNTIXIfL),KP,-',6H X19201-AFTER SATUFATICI I

f HrRE WE IMPLEMENT COHERENT FILTFRING AND0 NONCONERET ItWTEGRA1ICN
33 141l

CALL X? IM-NCOH.97)
CC 408 F1.NNCO~i
CALL rCHFLT(XR1L).XIlL)qLAWjthCNCLl
CALL AFUP1(CGH9XRIL),?,7)

40 -ONTINIE
TFl1CFC'.LE.Q.OF.T.CT.Ir,! ) GO TO 4.2

CALL r'NT(XR1L11dKr-,..,6H XP,201-AFTER 00)4 FILTER I
1.2 :ALL XfTITfNrOH.7,XrfLl))
50 -CN71M*E

'ALL XVTTfKI(,XPELl),XF Mll)
-lrL1GtFULS

'11'M1 KK
5 r.'ONTTNUE

1F(IOI~r..LF.0) GO TO 57
ALL FCNTtKRNFOKKv'.,6h X9,20)-AFTER OF~rrTTcN.

57ll F( NR FC.iC)NGO TOF75
r HiE. Wt IT'FL PENT CAR ,pRCCESSTNG

.,RC - (NF,+l1 12I
Co TOT(I,KK

I F I I . K- .NPC I SLM= SLft.+XR tLI
1. L * KK

F, 0 -ON T N1IE
.7Nrf-I)*KK*K
XvKlK)IkFXR(Ll/!VUM

7f, 'ONTINUF
IF(Tn9~C.Lf.01 60 TC 7S

,-ALL rFrKJf.F,KKa.4,'. XR,20'4AFTES CrAC I
75 c;ETI)RN
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SUPROUTItNF CCHFLT(XRXIsLAW*NCNLI
r
r IN THIS SLFFntJIINE WE IMFLEHENY COHEREN'T FILIEftIN C#N THE CCVFLE)-VItEC
C SIGNAL IN THE AAAAY-PAIR fXR,XI) OF LENGTH NCOH. THE CETECTEC OUTPUT
C APPEARS IN ARRAY Xk OF LENGTH NCOH4.
r
c NCOM = SI7 (IF FFT IN COFFLER FILTER EAK
C NCNCL =NUPEEF GF STAGES OF 'PJLE CANCELLATION
C LAW = NVELOPE DETEC.TION LAU tl=LINEAP, ?=SrUARE-LAW)
r
C FllLSc WEIGHI4TNG IS APPLIED PRICR TO EOFPLER FILTERING. THE IFIGHTTKC
C FUNC7ION IF COSINE CN A FECESTAL, WHEPC
C
C AL PHA m 1. FCF UNIFORP %FTGHTING

C~ *OP FOR HAMKING WFICHTINC

TMEKSION XRtilI,Xlf1l
IMIENSION C(128),W(128)
i.0"MON /COMI/ NR.NFIJLS.NA*KNCCH
'-ATA ALFHA/..C8/

ATA C11111.1

'FgNC.OH.En.11 6O 7O 17
FlNl.Er.NCCh.ANfl.N?.EC..NCKC1) rC 10 1 r

.?-NCNrtL
'ALL WFICHT0bsd'CflI.ALFI'Al

0 12 K'~~

12 -'fN~lNlIF
I ALL rrrrflNcCI-,wqXR,XP)

I LL 13 C'flfKC0HW,XIXI)
ALL FFT?()'R.XI,NCCM,-t)

IL tVILAH.O.1AXRfK)mSCPT (XRT'())

ivJrN
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FUNrIIGFN A7GA1T.tA71

C C')MPUrES ONE-WAY POWER GAIN. AT A7PItJTH ANGLE AZ CRAG)* GAIN IS NOFM-
C ALIZED TO A PEAK YALUE OF UNITY*
C
r IN TP~IS EXAMPLS A GAUSSIAN REAIS14APE IS ASSUKEC WHERE
r
C A7.WtQ ONE-WAY HALF-FOhER WICTH IRAD)
r

CTMCNSION G(4?~)
COrMoN /C0~i4/ tUhY17),A73ER
rATA NN/3/
IF(NN.GT.V) GOl TO 25

C~O 20 1=1,.42

20 CONTINUE
2r A=?D.*AFSlA7l/A73CE

TF(A.GT.40.1 A='.

G ETURN
Fr 
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FUNCTION ELGflKIELI

C COMPUTES ONE-WAV PCWSR CAIK AT ELEVAITCN Atk(LE EL IFD. CiII IS NCGW-
L ALT7EO TO A PEAK VALUE OF UNJTY9
C
C IN TI.IS EXAMPLE A COSECANT-SOUARE REAWSHAFF IS ASSUPSt.

FTIMENSION C942)
rhTA P-T2/1.5707q6321
(ATA ELC/.l/
fATA NK/G/
1FItNt.G.1 C TO 2T

lF(E.GT.EL 2) G(IV) (SIN(FL9f)/SII~(E3 3"2
70 r0NTTNUF

G1I.2)=Gt~d)

Ir 1F.t T.Q. I ErC.

IET1IDN
F Nr

dol"



FUN~CTION SPTVAfRISVPI

C THE RAN~DOM NUt'FERS C0RRESIPONOING TO 7FE TERRAIN SPATIAL VArtI~ILI~v
C APE GIENERATEO TN THIS SUFROUTIKE. TVERE ARE TPQEE CASES.....

C SVP.LF.a. IEIBULL cISTRIBSJTION, -S9PzWEE!ULLL POSIFTEW
c SVP*Eno0. HOMCGENEOUS TERRAIN.
C SVP.GT.G. LOG-NORMAL OIS7IR'UTION. SVP=STC 0EV CF
C LOG-VAAIATE INEPERSI
r
C IN ALL CASES THE MEAN VALUE OF THrF ANEOF NUMPER IS UNITY*

C SEr REF.1, EOS 5.1& ANC q.11

GATA SS/C./
S?-TVArc~l.
TISYP.EG.3.) RETURN
TFISVF.GT.Ool GC TC 20
IFtSS.EC.SV9) rnO TO 10
ss~svc-

GArG'AMPAI 4+1.1
1~3 ET-ALOG(FAKFCO.11

SPTVA~zE
9

*A/GA
RETUFN

?a G-.ALSS (DtUNKYI
SiFTVhrrCXPlSV04fG-.5*SVF))
Fr TtJPN
ENC

t



SURROUTINE RANSEO EXfi#YIvKFWTR 9IT* CC AC FAVI

C IN THIS SUFROUIINE WE GEKEPATE A CCR6ELATEC SECUENCE CF GAUSSIAN
C RAN')OP PHASORS IN THE ARRAY-PAIR IXPEI) CF LENGCTH No THERE AGE IWC
C CASES FOR TFE SPECTRAL. SVAPE.e..

C ITrO GAUSSIAN SPECTRAL SFAPE
c
C IT.GT.U SVECTCA. SHAPE IS 1/1112FfFWT)l**ITl
r
r IN EITHER CASE FWTF IS THE PATIO OF THE 2-SIOEC HALF-FCWER SFECTRAL
C WIDTt- AMC THE PRF. THE ABOVE SPErTRUF IS DESIGNATED AS THE IC-CCVFCK-
C ENT. IT IS CENTERED AT DC. Tt-ERE IS ALSC A n1(-cmPCNENT ACEEC TO Tt-E
r AROV _, WhERE OCAC IS 'THE RATIO OF OC TC AC POWER. 'IE AVERAGE POWER
C OF THE OLTFUE SAMPLES IS P4V.

C THE RAtnop SEGLENCE IS GENERATED PY T~f FFT-METHOC WIlt- INTEFFCLATICN.
C THE rARAME7ERS CHOSEN FELOW WILL qtROCUCF A t'AXIML'M OF -50tf 1PURICUS
C SPECTRAL RESPONSES WITh AN ACCURACY Or AECUT 2-PERCENT.

nATAr-i*,I-/,N-/
IF(FWTF;.r.FF.ANC.IT.EC.TT.AND.N.EC.NM) GOC T 7

II=TT

IF(FWTF.LE.O.) CO TO H'5
F7AHINI (t0.'WIQ, I.l

IFfN.LL.Nrm) GO TC 1?

;F(IrNF.rT.?rF ) STOP 11

L jt-3*KF*FhTR/-tno ?o mF
Irme.f7.tT~3 GE TC 15

St;N-St?'* (I . 4 CCAC') /F AV

,3 5 7FjWr3..o.l (, TO Ar5

0;; '.0 '(7 *NF

----------
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CALL GAUSSI IARfKI 9AIIW(I SIXI 1
4.0 rONTINUr

CALL FrT2iAQ9AI~lkF,1)
ARINF*1)=AR II)
AT (NF*I)z:0! ll

00 50 K=1,N

1=7*
TT:7-! TT*~f)TlAlll

50 CONTINUE
GO TO 70

65 CALL GAUSSTfR9,F,FAYI
CALL XMITf-NB9*XfP
CALL XtIT(-KEIXI)

70 PSTUPN

1h

zz
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SUBROUTINE PAUSSIEXYFl

C'
C GFNERATES FAKCO NUMERS FCR TIE FOLLCWING TWO OTSIRIFUTION FUNCTIONS
C
c CALL GAUSSIIX919.P) GENFRATES PAIR OF GAUSSIAN RAKCOP
C PHASOR CClwFCNENTS CF AVERAGE FCWEP 9!
c
C CALL EXFIIXI GENERATES EXVCNENTTAL PACDOM VARIABLE
C WITH UNIT AVERAGE FOWEF
(.
C THIS SURFOUTINE SET CAK ALSC FE USED WITH 11MPORTANCE SANPLINC IF NE
r SET.*.**

C ISW =1 TC ACTIVATE I?'FOR7ANCE SAtPLING
c XM z ISTORTION CF MEAN FOWFR

C FOR THE FIikSY CALL WHEN IMPORTANCE SAMFLING IS IN EFFECT WE MUST SET
r
C WSIJM =
r N4SUM =0
C,
C AFTEP TUF LAn7 CALL THE IMPORTANCF SAMPLING WEIGHT IS C!VFN Elf

W = (XM-*NSUMVEXF-i.-1./XM9*'NSUMI

COFMCN /ISAM/ KSWISW#XMqNStJM.WSUF
nATA 710.1

ITyPE:1
GO TO IC
ENTRY FXPI
ITYPE=2

to XMP=i.
IF(TSW.En.11 xrmxm
E )YMH.I-ALGIANrlI1
XzE
IF(TSW.Nf*ll CO 7C 12

N SU'4 tIN I
12 IrfITYFf.GF.2) RE7URN

R'C648-1.

A?- A*A

IF(C.CT.1.1 CC Tr, 15
)-E*(A2-qZI2VC

PETtJRN
F Nf
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FUNCTUtN GAUSS(flUPMV)
r
C tGENErATES CAUSSIA% QANCOK NUM6EE OF Z~qO 1PEAN. UNIT VAQIANCE*

nATA 1/0/
IFII) 1919?

I CALL rAUSSI[AE,929)
GAUSS=A

GO TO 3
2 GAUSS=F

T O0
I rETUQN

I h

-tJ
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FUNCTION APk0CI0,*AL3C)

C
C To-.IS ELh~ifjUzN PACRACL PkCCE5SSc AburAYS. IN Evilly CASE z.4esth 15
C 71* LEKE-11 OF ALL AfhlAYS. THERE~ Akt. S~EAL ENTRIES .....
C
C CALL XMIT(-K9098) 8M=)Al1I FOk 9=19h
C
C CALL XNIJ(IoA914) UlKb:A(Xl FQIA K=lN

C
c ZS=7SUM(N.A) 1!iSUIIAMK) F OR K=1,N
C
C CALL ASUlil-h9A~le,) C(K):A()e1(K) FCR k=19N
C
C CALL ASUMlN~t,8i.C) C (K I =A M * E K) FORIt 1~,h
C
C EE=DOO(N,A.01 OU'SUHl(AMK)BlK1) FCfi K~~

C
C CALL PRODI-N,A,13.CI C(K)=AI1)*E(K) FCR K=1,t.

L CALL P9OODtNA~b9C3 C M =A (K) 4P K ) F CR K=1,th

C CALL PCWR(K.AA,AIF) P (K IAR (K)'P#A I (K) 
4
42 F~k Kz 1 I

C
C CALL SAPlK.A,) A(K) ANU Elk) AkE SWAPPED FCA K=,

L SCFIL LXA)PPLES ARct...
C
C UL;-SLtlEN.Al NCIkHALIZE A-AhdAY BY SUP

C CALL FlhO~L-Nr,l./SUei,A,A)

C tNGY IN,A,.A 1) NG~lIALIZ (Ai<,AI) -AKAAYS

C AKLRMz1./S0,,I(c1 BY 107AL EN'ERGY

L CALL fP&UC(-t,ANLR,A.,Ak)
C CALL PkUC(-P,,ANrChl1,A1,AI)
C
c LtSOu)(N,J5,A) SLrM-SGUAlL CF ELLPENIS II A-AmAAY

C

C,
C E~tNY (N.AMt~,AI)-Oo(NAIK,Ak *..)OTtN.tl,AlI

-ItLNrSIOtN All dI) M,C I

r4 II)PO

10 Nt --

As 441

LL ItKI N



11 LUOI NUr

15 LL 18 Ki,N
C (Kb =A(K)*8 (K)

is (.Ctk11tUE

hLILRKTcG
Li=C.
OC 25 Kz1,N

i5 LLK.NUE
A j iiC L=Z

itVJ5AY PDWR

EC .30 KI1.
tLIKPA4KI'*2+P4K,'*2

(2(. 35 Ktl,N
SLm= LM+A PK)

3~CLNII#fUE
4uP ,C CSUit

4..LNI-kASfo

GC '41 K~i,NN
C (K P AA#O (K)

'41 LCNI INUt

I. UL 4.8 K=.N
C(K)=A(K) 40(K)

4.8 LC~KI I UE
ftL I LIkt
thTFAY SWAP

OL '0 K=I,N

A (K I b~ (K)
8 (K ) AA

kh. Itid
It1iIhy ((01
I -0.

UJL (:0 K~1,N
Gd -LP#A(KfhJCK)

'L L N I INUt:
i~CC - OP
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62 NI%=-14

AA=AtlA

E (K) 'A(I

7jj CCN1IKUE
RETURN



FUNCTION GAIF A(71

C COMPUTES GAMMA FUNCTICK OF A REAL ARGUPENT
C SEE PEF.8.. ECS 6.1.15, 6.1.16. AND 6.1.35.

CAVA Al/-. T64/A/9126/Ai*Sa66t49254/

IFfX.LT.0*W STOP-
CAMMD:1.

10 IF(XoLT.1 CO TO 20
GAMMA=GAMMA*X

CCo TO 10

ENV~



SUPROUTINE FRNTfXNIPLqAvWHERE)

C THIS SURROUTNE PRINTS OUT AkRAY-X OF LENGTH K~. THE FORMAT TS.q...

C NPL.CT.0 F-FOFMATv NFL EECIVAL PLACES
r NPL.LT.C E-FORMA,-K.FL CEC! AL FLACES

CIN AOOITICK .....

c A =HCLLERITH NA14F CF AARAY BEI tG PRINTEC (6KH, RIGHT JUSTIFIECI
C WHERE =HOLLERIT4 LARFL IZON)

CIMENSION Xt1)sWHEAEt2l

PRINT 10Q,ANWHEFEA, lAvKqK 1,91I
TZP4INOC N, 101

10 NF-IAR~tNPLI

IFINFL.LT.31 PRINT 102,TlvNP*, I(),I=11,T21
lt7TI10

IrIIl.LE.N) 6O TO 10
rTURN

jItl FrOPtATI.I///13H RIKTGUT Or A68(K, jj.V2l/
i 5f4 K,6XA6.,

3
H(K1,g(jXA6,3M(K.,Tl,jb3I/Y

IC1 FORMAT (1% !XiOF12. 1
102 FoF4AT (15, 7Xt0T12.=)

FNr
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SUr-.RGUTINE SPCTRMXPXTNTh.NOUT ,ALPIA,Wl
C
C IN THIS SUFFOIiIIINE WE COMPUTE THE FGIhE; SPECTRUM or TiNE C014FLEN TIV'E
C SEQUENCE IN THE ARFAV-FAIR (XRvXIT OF LEKGIN KN. TI-E POWER SFEC'FUP
C IS RETURNEE IN ARRAY XG, ANC IT IS NOW OF LENGTH NOUT.

C THc SAMPLE SPACING OF THE POWER SPFCIRLM IS 1#/NOLT OF THF REFETITICN
C FQEGIUEKCY*
C
C A COFINE-ON,-A-PEOESTAL WEIGHTING IS APPLIED TO THE INFUT SAPwcLFS.
C ALPHA IS TFE RATIO OF THE UEIGHTING FUNCTICK AT THE ECGF 7C 7HE
C CENTER. ALFHA=.Gt FOR HAMMING AND ALPIA=1.0 FCR UNIFCRIK WEIC*IINC.
C THE USER CAN SUFPLY HIS CWN WEIGHTINC FUNCTIOV IN. ASRAYN C F LENGTH
C NIH, RUT HE MUST SET ALPHA TO A NEGATIVE VALUE.
C
C APRAY W IS A WCRKIKG ARRAY ANC IT MlUST RE DIN! NSIONEE AS LARCE AS .....
r
C NIH IF tOUT.EG.2**IKTEGEP
C NTN+2*NOUT IF NOUT.KE.200INTEGEP
C
C THE wIrHIF ARE NOFPMALI7ED SO THAT TIE SUIV IS LNTTY.
C

D(ATA NTN9/0i,NGUTC/0/
TININ.EO.NTNO.ANO.NGIJT.EC.NOUTC) ro IC le

IFIALFI-A.GE.O.1 CALL hEIGhl1(H,NrNALFHAl

h.GLC 0c NGUT
1'1 N=NflUT-KN

IFtN) 409.15912
12 CALL XMITt-NvO.,XR(NTN.1)3

CALL xFrT(-N,U.,X7IINI)l
IS CALL rFof(KrN,h,xA,xpo

CALL PFODfINh,X I,XIq
FALL FF12 IAR,XT,NCuT,-l)
CALL PCWRVKOtLT,XR,XI,XR)
r,[TUPN

40 POINT 109,NIN,NC(UT

100 rOR'lATIXa4qH..EPgjOR IN SPECTFX, Nfl IS SMALLER THAN hN /

1 /1flXIHNIN-TA, 1BX5H-NOUTmIR)
E NC
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SUtPROUTINE HEIGHT EH,N,ALFHAI

C THIS SUBFOUTINr COPPUTES COSINE-ON-A-PEDESTAL NFIGHTS IN ARRAY W OF
C LENGTH N EtN IS ALSO THE NUMRFR OF FULSESle AtrSHA IS TH4E RATIO Or TK-
C WEIGHTING rUNCTICK AT THE EDGE TO THE CENTER. ALPHA=08 FOR VA"VIKG
C AND 1.0 FOR UNIFORP WEIGHTING. THE WEIGHTS ARE NORVALIED SC THE SUF
C IS UNITY.
c
C IF THE WEIGHTS ARE TC RE USED AS PART CF A LONGVR ARRAY OF LENGTH NQ
C (WITh 7ERO FILL1, THE CALLING SECULNCE IS*.....
C
C CALL XNIT(-KfR,0.,HI
C CALL WEIGHTStWvNtALPHAV
r
C TO CENTEF T9FE WEIGHTS AT THE FIRST SAMFLE OF THE H-ARRAY MST~ DONE
C WHEN N IS GOD). FCLLOW THE AMCVE SEOUEK~E WIT14...

C CALL SHAFTfW9NP,-h/2V

DIVEKSTON hlif
DATA TWOFT/6.2b31853/
A=El .*ALFHA 1/2.

Ct's- N41)/2.
XN=N
Go 20 gc-iN
W(Kl=A+A*COS(TIWOFI(K-CN) /XNl

20 COjNTNUE

,ALL Frcco i-h,WhtCRt ,H,Wl
RETUrN

END
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FUIKCTTGN (FX (A$K1,
C COMPUTES OECIREL VALUftS. THESE APE TUG ENTRIES.....

r O=OF1A) 123=00ALOG10 CI

C CALL I1NIAKl AIKItEB(AIKII. K21.N

C THE OUTPUT TS TRUNC.ATED To THE INTERVA1. -SS9 *99 131!
c

flJNFKSTOK Atli

ENTRY 018

FFIlU RN
ENTRY VaN
nio 20 1=1.h
At1)=DO17lA 11)V

26 CONTINUF
F ETUFK
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SURRCtITTNE BSTGE~~IA9RvKN)

C COMPUTE.S CWUtiLA77E OISTRIEUTICN FUNCTION CF SIMPLE CATA

C To IN111~i*.

C CALL 0STlfLlXlvXIC,4I X1 PITRST VALUE
r XINC VALUE IPXPENEKT
CK NtIIPER OF JNCP NENTS

C fOR EACH CATA POTNT..*

c CALL DSTPNTIX,1) X DATA PCTN.T VALJ E
c WI WEIGHT ILSUALLY z el

U, 70 COMPUTE THE GISTPIflLTIOK FLIP 'ION f AFTER LAST CALL To OjSIFKTl.....

C CALL OSIFUKIP) F = OISTRIEUTICN FUhCTION
r
C THE CIFTR1ISUTICI FI:KCTTr~k IN ACQAY F 1!..*..

c P11) =FKR (DATA LT.X 1
c P12) FRCqRinATA.L.Xl*X7Krl

r IF N) FPFEIDATA.LT.X1.(N-l)'-!ICI

C ARRAY F IS VIMENSIC.NEO FOR A MAX VALUE OF K=201

OTPVENSTON All) ,F(202)
ENTRY rSTTKL

IrIN.G7.7011 ST~c 22
NS:OI Xl I (1)
y I N~C r F
CALL Xt'IT(-Nri.g. .F)

ENTR.Y rSTrUN
FO' 10 1=2,KPI
r (I rFQI )4Frttl

ii CPK~TTKIJE
nG 20 L=IdK

A(L)- 1.-r IL) /F'L0AT INS)

2fl CCNTTNUE
C PPINT 100,FtNi'll

IOU F-OcMATIFlC*.,)
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riE T U P K
!N7RY OSTPKT

L=NAXOl(6,1l)

PILl=F (LI*F
rcETJFN
F Nt
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F SUERCUTINE FFT2jAR9AIvK9ICN)

C THIS SU9ROUTINE COPPUTES THE FFT IN THE ARRAY-PATP CAReAI) CF LENGTV N
C AN!n RETURNS THE RESULT IN IKE SAME ARRAY PAIR.
C
C ISGN =SIGN Gr F0HASE ARGUVENT IN FFT

C ARRA'Y IA IN COMMON MUST B3E GIMENSIONEC AT LEAST AS LARGE AS 2N F
C H.N4E.24*ItT7GFR.

DIMENSION AR111,AI(1)
COMMON /TEPP/ h1441

IFtISGN.GT*0)1=
CALL FCURTtARAIN,1,I,1,Wf1l ,W(K*13I
RETURN
ENI
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SUBROUTINE FCIJRT ItOAtAR9OA TAXINN, OKC 149IFRWl% *TCLX #%CRKIvCfK!) aloe
CIMENSICN CATAR(IICATAIit *NN III,%OhkR t) WOPI 1) @1FACTI20) z111

C THE COOLiV-TUXEY FAST FOURIER IRANSFCAV IK USASI BASIC FCRIRAN C03
C 010'.
r EVIALUATES COPPLEX FOURIER SERIES FCR CCKPLEX CP REAL FUNCTION4S, G1gs
c THAT IS, TT COPPUTES 0106
c FTRAN4J1,J~,...I=SUN(CATA(tIT2, ...~ %tjl**Il**141l 010?

c WHEVE V1=EX9f-29F14SCP1t-1)/NNfI)), N2=EXPI-LOFTINSCRT4-1IIfiNI2)I, 0119
C ETC. AND It AND J1 RUN FROM 1 TO NN111, 12 AND J2 RUN fRCV 1 '10 0110
c %NI21s FTC. TH4ERE IS NO LIMIT ON IKEC IME14SIONALTI t4UY9ER OF G111
C SUeSCFI1PTS) OF THE AkRAY OF DATA. THE PROGRAM, WILL fEWFCRf 6112
C A THREE-DIPSNSIONAL FOLRIC7R TRANSFCRP AS EASILY AS A ONE-GINEN- 0113
C SIONAL ONE, TNG IN A FROFC1.TIONAIELY GREATER TIME. AN INVERSE Gt14
C TRANSFORM CAN BE PERFORMED, IN WFIC" THE SIG IN TWE EXPONENTIALS 011s
c IS *, INsTEAC CF -. IF AN INVERSE TRANSFORM IS FEIRFORPEC LiCh 0116i
r AN APOAY OJF TRANSFCRNEC PATA, TIHE CRICGtNAL DATA WILL FEAFFEAC, all?
C MULTIFLIFO, RY N I-E IRGAI Of INFUI TATA PAT RE 0118
c PEAL OF COFPLEX, AT THE PvC&AHMERS CPTION, WITH A SAVING CF 0119
C AOUT THIRTY PER CENT IN RUNNING TIME FCR REAL CVEF COPPLEto G120
C IFOR FASTEST TRANSVCke OF REAL DATA, NNCII SHnULC SE EVENaf 0121
c THE 7RANSFCRN VALUES ARE ALWAYS CCPPLFX, ANn ARE VETUFt4EC IN I 1P' 0122
c OFIGINAL ARRAY or CATA, REPLACING IMF INPUT DATA* THE LENGTH C123
C OF EACP DIPFN.SION OF THE CAT; ARSAN MAY Pf ANY TIEGEP. TIPE 012'
c r-ROf&Am RUNS FASTEf% CN COYF0S1*6F IPTEGERS THAN ON FRIvES, ANC is CI25
C FARTICULARLY FAST ON NUMPERS RICH IN FACTORS Cr TWC* 0126

f 012?
C TIM4ING. IS IN FACT GIVEN RY THE F(LLOWING r'PPULA. LET %ICY VE 7TNE 012A
f TOTAL NUMBER OF PCINTS (REAL OP COV PLEX) IN THE CAVA ARRAY, THAT 0129
c IS. NTCT-hN411*#4Nq2I(.. CErOMPCSE N7C0 INIC ITS FRIVE FA(TORS, 0130
C SUCH Ar 24*92 344K3 4 5**K5 ' o.. LET SU1PZ PE THE SUM CF ALL ciII
c TMF FACIOPS OF INC IN NTOT, THAT IS, SUVZ ZfK2. LET SLY.f eE f013?
c 714r SlUP OF ALL OTHER FACTnSS OF NTCT. THAT IT, StUVV 3fV3#4X~54.. 0133
r THE TIM.E TAKEN BY A NULTICIMENSICNAL TRANSFOOV ON IHESE NTCT CATS 011.
c IS T =TO 4 TIONTCT 4 T2*N.TOTIPSUH2 + T*NTfOT*SUHF* FOR 'THE PAF- C135
C TICULAF IMPLEMENTATION VORTPAN 32 CN WFE CCC YUO tFLOATING POINT 0136
C ADD TYPI SIX MICRMSCONESI, 013?
C T - 5006 600*N7C7 # 50*KIOT*SU?2 # 1?S1'HI0OrSUMF MICROSECONDS vl138
r ON COMPLEX r9ATA. 0139

r TP 010

C NATUORE OFA IC DATT* FOYN T HELSUAL R STTON TC~T# H T 0I14?

GFF~fl B CELFV-1)X'T CN - 4mtAI. APARx10E 0 IL D

PE~~~~~~~~ ~ ~ ~ ~ ~ N.NFRE NTp R~OTOA Ct0O(2Z22SS5 !4

--.----... (ASSMIN T2-GT OB CU14I["~AtlV;
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C THE nATA FROM ONE CYCLE OF A PvRIOEIC FUNC7ICC. INEY ARE-- £150
c I* -HE NUVIER OF INPUT DATA AND T E NUMB9ER Cc TRAWSFORP VALUES 4151
C MUST RE THE SAVE. C152
C 2. ('ONSIDERING TUlE DATA TO BE IN THE TIME 9ONArh, 0153
C THEY MUST RE EQUI-SPACEC AT INTLRVALS CF OT. FURTIHER, TIK TRANS- a01504
C FORM VALUES. CONSICERLC IC RE IN FREOUENCY SPACE, %.ILL BE Eoui- 0155
C SPAClIO FROF 0 TO ?*PI*lNN(IT-1)/4hh(IIvOTl AT INTERVALS CF 9156
C 2*PL' NNl(!)OTl FCR EACH ciMENSJCN OF LENGTH NNtri, OF cctVRsE, cis?
c DT NI-Er NOT RE THE SAVE FOR EVERY CIVEKSION. £158
r 0159
C THE GALLING SEGUENCE IS-- 0160c
C CALL FCURTIDATARDATAI,NN,NOIM,IFRND,ICPLXWORKRvbIORKI, 0161
r C162
r flATA 4 AND GATAI APL. THE ARRAYS USEE TC H4OLC THE REAL AND 741AGItJARY 0163
C PART;3 OF THE INPUT CATA ON INPUT AND THE TAA SV0RV VALUES ('N 1164.
C OUTPUT. T14EV ARE FLOAIING POINT ARRAYS, FUt 1ICIVENSIONAL WITH 01e5
C IDENTICAL EIMEKSICKALITY AND EXTENT. THE EXTENT OF EACH CMENS!CN 0 166
C IS GIVFN IK TH. INTEGER ARRAY NN, CF LENGTH IkCIP. THAT 1-, V167
c NflIM IS THE nIIIFNSIONALITY OF THE ARFAYS OATAR AND DATA!. Oita
C IFPWO TS AN ITEGER USED IC INrITCAT! THE (IIFECTICh OF TFE FOUNIE9 0169
C TRANSFCRIP. It IS NCN-7ERC TC INEICATF A FCRbEARO 7RANSFCRV 017C
C tEXOONENTIAL SIGN 1S -1 AND 7ERO TC INDICATE AN INVERSE IRANSFORK 0171
C (SIG~N IS #). ICFLX IS AN IN7EGFV TO INCICATF WHETHER TH E VATA 0172
C ARE PFAL OR COPPLEX. IT IS NON-7EPO FCq CCMFLEX, TERO FCR REAL. !4173
C IF IT IS 7FRn IREAL) THE CONTENTS CF ARRAIY DATA! NTLL EE AESUPEC 1171.
C TO BE 7ERO, AND NEEn NOT 13E EXPLICITLY SET TC 7ERC.. AS EX1FLAINEC C175
r AEOVE, THE TRANSFCAM RESULTS ARE ALWAYS COPPLEX AN[ ARE SICRED 617F)
r IN DATAF AND DATA! ON RETIJPNo WCRiK0 ANC WCPKI ARE ARPAYS USEr 0177
r FOFR WORKING 'TORAGE. THEY ARE NCT NECESSARY IF ALL THE CTVENSICNS 0178
c OF THF nATA AkE POWERS OF TWO. IN THIS CASE, THE ARRAYS IiAY BE gi~q
C REPLArCLO RV THr NUIORER 0 IN THE CALLING SECUENCE. THIS, LSE CF 01180
C POWERS Cr IWC CAN FREE A GCOG DEAL OF SICRAGE. IF ANY C14ENSIOK C-161
C IS NOT A POWElR OF Two, THESE ARRAYS MUST FIE !UPPLIED, TFTY ARE 0162
r FLCATINr rCINT, ONE rIKEKSIONAL CF LENGTH EOUAL TC THE Lt;GCFST O183
C APFAY rimENSION, THAT IS, 10 THE LARGEST VALUE OF tANm,) C164.
C WCR 1, AND NCRKT, IF SLIFFLIED, mUSY NOT BE THE SAVE ARRAYS AS CATAN '1185

r OR DATA!. ALL SURSCRIPTS OF ALL ARRAYS PEGIK AT 1. 0186i
C 0187

C E'EAMrLE i. THFEE--,rvFNSIC0AL F7ORWARC FCL?IFF TRANSFORVl Cr A ie
C C'OPPLr) ARRhAY rIM97NSILNEn 100 EY If Sy 13.P18
r. tIPFNSTON rATARY 100, a,13 ,VATAIIIoo,16,13) ,woRKRIIDO I,NCtclKI(10019
r tTFt.S!CN K'N(31 oiqi.
r NNIt )C 600192

C CALI rCUFT~rfiTAR,rATAJ,Nt1,3,1,1,,GQKE,hCrqKTI 015

r IXAJIIL ?. fltL-IlPFN'.1ONAL rot WARr IRANSFORF' CF A REAL tc;Av OF lir-7
r LEN( 7H U4. 0158
r- riIv' K' Trt. r A I A 1. 1 ,rATIA It 4 1 0159



C CALL rr1JRT IDATARYDAI Al,64.1 1909Coll 0200
r C 201

rC THERE ARE NO FRROP MESSAGEE OR EFk(R HALTS IN THIS PROGRAV. THE 1202
C FROrRAF RETURNS IMMEDIATELY IF NOTP CR ANY NN1I1 IS LESS TFAN ONE* :203
C 90 4
c THE~ SINE AND, COSINE VALUES REQUIRET! FOR THEF TRANSVCRM ARE 0205
C GENERATED, RECURSIVELV. IF DOUBLE FRECISIOI' IS AVAILAfLEv 17 IS C206
C STRONGLY URGED THAT THE FOLLOWTNG VARIABLES IPE SC BECLAPED TO :207
C REDUCF ACCUPULATICK OF ROUKOOFF ERROR-- 6208
C DOURLE FRECISION TWOP1,THE1A,WSTFr%*WS7FI,WPIP,,HitNI,Wp.,WI,WTvMP 6209
r * THETM,WVSTR*WMSTI*T6.0WPSF,SI*CLnSggCLOS7*STKFI;,ST14I 0210

*C IN AEIDITIRn, TWOFI SHOULD EE ASSTG0FC A SUFFICIEfTLY PRECISS 0211
C VALUE AND THE VARICUS CALLS TO T-E FUKCTIOfS CCS AND SIN 0212
c SHOULD AE CHANGED TO OCOS AND DSIH. 0213

r C21.c FROtRAW By NCRPAN FRENK~R FROM TI-E BASIC ALGOVITI4 BY EH9RLES 01
C RADER (BOTH OF vfIT LINCOLN LAPORATCRYi. MAY 1967. THE IrCEA 01
r FOR THE HIT CEVERSAL WAS SUGGESTEC BY RALfft ALTER (ALSO *IT LLU. 0217
C AflAPTEC FRCH ThE WORK OF JA'IES W. COOLEY AND JCHN No. TUKETv c218
C AN ALGCFITNP FOV THE MACHINE CALCULATION OF COP.PLEN FOURIER 6219
C SERIFES, MATH. COMPUT. 19s 90 (Al'FIL 1S519f 2c7-X0l. £220
C 0221.

IF[NrTP-1) c20v1. 0?22
I NTOT=i M.223

OG 2 Tfl!M=19NDIM 0224.
2 NTOT=NTOT*KNIICTPl e225

TWOP~rf,.2831!53e 7 0226
r 922'7
C IPAlN LCCF FCC .rACHi GIVEhSTC4 f228

NP1l 3i 230
PDO C913 IBIP-1,NDIP C0231
N=NN iIrIms 0232
NF2 KPI*N f233
TF(N-tl920,q0095 0234

C 0235
C IS N A FOWER CF TNC ANC IF NOT, NHIT ARE ITS FACTCRS 0236
C n237ItNTWO--NFI 0239

IF=I 021.0
I Dyv -;1 026.1

It !C(TFFt')20 , ?2 *c
12 tNT%CtdNO4NK 1% n216 F

TFAC~ifr) =1DIv C2.7
xr7TF+I 021.8

I ri U C C?'s9



?cI0 -~OVms 02!1
XhCN?=IF qs

30 lrOUOT=P/IDIV 0253
IREH=0'-TIV*OIJOTt25
IFtIOUOT-TOIV060,31*31 1255

31 iF(rutmP'o.32,.40 2256
32 IFACTuIF)=1fl!V 025?

IF= IF*1 92S6
K=TOUOT 0259
GO TC 30 02E-0

'.0 !IIrIV.2 v'261
GO To 30 t26?

S0 XNCN?=IF C 263
IFF160,51,F0 0264

51 NTWO=KTWG+KTWO 0265
GO TO 70 026

E.0 IFACTtJFI=P 02E7
70 NON2FrNP?./NTWO 02E$
C 026 9
C SFPAFATE FCUq CASES-- 0270
f 1. rOMPLEX TRANSFnPt. 0271
c 7. FF61 TrANSFC,4 FOR THE ?NO, !RC, ETC. rYmfKSION. FEiHO r-- 027?
C TGANSFCRP, HALF THE CATA, SUFFLYING THE CIHEF 14ALF EV CCN- C273
c JUGAFE SYMPETRY. C 271.

C'1. FFAL rRAIKSFC9'. FCR THE Ms; PIP.ErSICN, K~ CGC. METHClt-- C275
r SFT THE IM4AGINARY PARTS To ?EqG. 027F)
U. 4. rFAL T;;NSFOrtP FOR THE 1ST OIMNtS!ON9 N EVEN. VETECr-- 32??
C TRANSFOPM A COMPLEX ARRAY CF LFKGTH NIF WHOSE REAL !FAPTS C-2 78
r ARE THE EVEN NUMBEREC REAL VALUES AND WHOSE 14AGI4PY rAFTS 0279
C A95 THE OCO-NUMPEREE REAL VALUES. UNSCPAMPLE AKE SLFPLT 0280
C THE 'EFCONO HALF EY CONJIJGAhr SYPMETP1. 0281
r 0282

TCASF71 0283
TFt4Tts~ 028.
TF !CrtX)100.?1,lDD 3285,

71 ICASF-7 026
1FtUrTP-I1 7E2,7iCO 0287

71, TfAi E=3 02E8

73 f-fl~rz4 0290

Ir?-TN-7 291-T ?.'WO/2 0292NI
P- Nti/7S9

7=1 G296
rO PO J-1.NTfjT 0297
rATAF IJI-flATAFIIP0 12S8
f)A IP T1 ) A TA;; I I 92S9



so 1=1.2 oleo
r C301
r SHUFFLF DATA (IT BIT RfVEkSAL, SIIFCE N=29*K. AS WPE SHUFFLING C302
C CAN BE CONE PY SIVTLE INTERCHANGE, NO WORKING ARRAY IS KEECIED 0301
r 0304
100 IFINON'2-111019101*200 Gigs
101 NF2iF=KP2/? 0306

J=1 0307
00 lro T2Tt.NP2*NPI 0308
IF IJ-I 221, 130, 130 C309

121 IlV.Aw=I2*NP1-l 0310
GO 12r, 71=12,I1P.AX C311
DC0 1?r I3=I1,NTOT,NC'2 3312
J'= .J*1I3-12 0313
1EPqf~izrATA9FqI3) 6314.
TEMPT1r ATATE 13) 0315
DjAIA'(13) =CA TA~I J' 031r,
CATAI(I31=CATAIJ31 0 317'
DA7AF 1J3)= TE'4P C318

125 flA1AlJ3)1FP PT 0319
13C I.1KP2KZF 0320
140 IF (J-") 1509150,1'.1 G321
141 J=J-?F 0322

(1 323

ISO J'J.H 0325
GO TC 340 "326

r a 327
C SHUFrFLE DJATA By DIGIT REVFCqSAL FCR GENERAL N 0328
r 0329
200 n0 ?7J 11=1,NPI 03!0

00 270 13=T1,NTOT,NP2 0331
J= I3 3332
CC 2FC T=1.N 0333
IF(TCAE-5 ZIO,220,21C 333.

210 w0OR(I)=OATAqlJ) n3
w0&KI (I)=EATATVJ) C336
GO TO 2140 C337

24 C FI1-2=NF2030
IF= IFP'Tt C 341

?! rr FFlmlFF?fI FACTlT F) 0.342

JJ+ H0314S

(5r J:.JOS147

?60 '.fNT MIE 0 149



12VAX=rI3*NF2-NFl 0350

270 I11 -S
r 03S6,
C SPECIAL CASS-- W=1 0357
c 0358
30C IIPNG-NFl 113E9

GO TO(30?,301,302v302),ICASE tc
301 1I =.f 0 I +NFRE V/21 3E
302 IF(NTWC-NP1)6U&96O39303 0362
303 tO 100 11=1,IIFN, 0363

IPIN=NPI+T1 3E
ISTEF =2*Npi 03E5
G~O TO ?3C 03C-6

10 J=71 0 36?
CO 3M 1=7T'1IOT,ISTEF 03E8

1!:MI;=rA'TA qll 369
TvMPl'rATAItII) C370
rAkTAR1rjiAPIJ) -IEl'I'r 0371
rA1ATUI)=PATATfSI-E?FI C 372
1 AtAS; (JI -0 ATAV, 13 It5 h'PP 7
rATATIM =OA TATI~JI TEMPI 0?

370 SJ4JISTkY 0375
IMYNrTP'1N#IMIK-Yi 0376
I STE F71STFP.TSAEF 4377

:R3c IF rI ISIf F -N T .(1 310,*31 C . 3 31 C37e

r SECIAL. CAVE-- Wd'-StFTfI-ic .3 80
0381

33A1 IMIN-34NP1 4TI C 3P2
TSIEF7'.NPI 08
G;O yr 420 P8

4.0C llIN-lTEr/2 C385
rn 410o r=IPTP,TC1.ISTFF C386

49; tFHPF'-1ATAT(IP 0388

7 EF" I--(,TAR0389
cc TO '.03 03SO

431" .FMPr -rATAIIII 0391
TfMP17rATAR41 -19

4.03 f)AT A kI I AP M -T E rr 0393
-)ATAIFT) GA7AIIJ)-yEP4TI n394.

AT A P J) -r, AT 9:fJ) +TE V Z l
r.AT A I I J) -* nA I A I itJ 34,T 1 tP 7 c3s9

"10 j~rj+!STEP S397
IMIN - X N4IP4IN-T1 i358
I STI f fIST FF + IT F 1S



42C IFISTEr'-NThO) 400 .4009,'30 "400
i. t CON T I E 3
f 0402
c IATN LOOP FOR FACTGRS OF TWO. W= P12P*rP7-)W1,0A 01.03

r "404

%SlpcI 00
W 5 r.I = . r 407

I0 THETA=-THFTA 0409

50?2 ~MA Y= A 41 C
to TO 540 '44112

'r0t WMlNR=COS(T4FTAl 01.13

wRp-WMIINF 6415

MMTN-'1AX12+?NF1 0417
vSTEF=?,F1 lhp C41P

rC q2r, T1=1,11PNG C420

c1 J I MItN-STEF/? 2
ro ',PC 1-Il?'.NTGJ,rSTLF 0424

TrVTATAR()W4rATA(TI)fWF C424;
tA7AlI)=CATARfji-7EipR 0427

rATAF (Jl=OATAR.Il 4TE1PFF 0429g
FATAlrJ,=CATAIIJlTEtFI 430

';?o J=J+7STEP .-431

ISTEC=TSTE'. TSTEC C433

c?r CCKTTNUE nl435
WYFMI -1#9WFTrl ef36

WSTPP,-h~plF" 439%SIP T- WMINIC(-4
THET4L-Tl LTA1. r4J41

M AX: l-AY 4 V FAY C442
1140 TF(MVAX-NTWGP500 .r0U dO '4

r MATN. tICOPFQ rrFArTCRS NOT1 FOUAL TO TWO. 94145

r 049.7
0110 IF (N0147-1) ?0Q,7oG.6oSi V4.48
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61 IrF?=TFACTUIFI*VF1 O.

All THryAV.THrTA 1S
A I~ THF'r P THF T r/LCAT I IVF /'NF 1204!!

%S1PP7FS(T4rTAW 0'.56
WSTF~rSINTTISETAI c4s7
1iNSTF7COS(tiETI.s
W'4!1I -S7NITHZTM) t5
WHIZNF-I. 36

00 6612 JI=1,yFFI,Nr1 66

CO 615 II'JI.!194AX 4164
EC 6 0 T!I,N7CT,hPZ c1.eS
1 -1 6

WIwt t-' 0 468

.iMIN T. 0 1

TfO Allf J -. 1?,JMAXU.irpN 0

OLFISF=G. 14 7P

I=-IFF C . 50

S8tA - . 0P



103

CAAR(J3) =NORK~tI1 rclos
VA7A4! J3)=CFKI1 0501

bso 1"=7+1 CS 0
WTEMP=UV1N00%MSTI C903
W"!hf;=WV.INR*WMSTP-WMINI*WPST! 35016

A 6c WIN1=WtI*!WMSTR*%TEMF GS505
lr=TF~l0536

IFFIIFF2 C507
IrITFF1-KP2) GIOv7Oc,7OO Me0

c 0509
c CGHPLETE A REAL TFANSFCRMII N THE IST CI'IENSTCN, K~ EVEN, FY COK- Os10
c JUGATF SYH ETQIES. D511
r 6512
70r GO TC (530,600.904.7011CASF CS13
701 NUAL F N I sit#

~NNN 05I15I
T(WT1Ar-7*OFI/FLflATIMi 051f,
IF(TF;;hC,1713 ,70?,7G3 0517

70k 2 OVTA=-1IFETA Oslo
703 WtIFP=(.GS1TI,0TA1 0519

,JS1PI-STINfTIETAI C520
wpFwsyrF C521
W17WFTr1 052?
1H1N2z r523
J4 7N 7N 14AL F 0524
ro IC 7?5 0525

710 ITJMTN t52f'
Un 720 T=!IIKNT07.NP-? 0527

SUP.I:ItATAT(j),*TAIfJ))/2. 052q
CI rR =( rAT Ac;( 1 -0ATAR I J II/ ? . (5 3t
fTFI-(GATA1f1)-lATfth(J))/2. r!
7EV"mrWRSUj#ITiICTFr 0532
I!,MP .16ISLj 1- hR 0C IP F 0533
r,ATA.~ I) =SUI.R4TEMPC 0534
r,7AI(.T):oIr!TEtFT 953S
PATAF (J)SLr,-7EMF1 05316
0*1A 7AIJ1r-CTFI*TEPFT 0537t7?0 J7JIKF2 0538
TPI!NT(t1N41 r3JVr N JP Ih- 1 015140

W1-%1* hST(P .WTiMF 53
r?'. TF ITI1? -JMT4N)7j9*719740 94

75i r.0 75'i 1-1IS,,NI0T,Nr? O16
1 1' VATA 1(ji)-rATAI(I C" r 47

740 h.,' W 74JP2 5 4.

- - -- -KTC



1 04

JtNTOT41 a550
714AXrNICY/Eft 0551

?far, Ih7N-TKAY-K'4ALF ,E

GO TO 755, 055'.
150 f% T AFJI =JOADTAR 'I~ I GSES

OA7AlEJ)=-tATAItIS V956
75S 1=10 -. 5

J=J-1CCs
IF (T-!kAX1 75G960 ,?60095

76G DTAlt (J)DATAR 4111.1N) -OATATI I IIINI P' 60

IF I -J) 77097 EO 97110 ~62
16r, OATAR(J%=OAIARIl) C f,3

DATh! IJ) =DATAXII O!E
7?0 1=11 r E

J=J-t 0566

7 T(I TOA)?7%775,165 ITMNI se
CATA! JJI0. 0569
LMA~rltTIK 0570
r,o .rc 714c 057t

CATAI (1)-0. C 573
r6c Ic C-0 9570&

r as ?9;
c ,MPLtTr A REAL TRANSFORM~ FOP TH~E Nnl, 3RD, ETC. C! ENSICIN k0' :576
c r ON JUGATE 5 YP'METR1 E S. 0517

Fier UO ARC TS=1,NTfll,NF2 orso
I1t'AX T3+NF2-NrI :58

IHAX- T?ONPiI C563

JMAXzI3*1'*NPI-IP.'K C585

Ir(1~T3A2(,d?381C0556

MO 1 JMAX-'J$,AX+IKF2

).* O ftr 1=1- IKAX AX ES

rAIA (T)=- rA TATT! J3ig

pr Jr1cS5q?

j4 __A"______F

Fj() mc

---. -I-DAA'J C!-.- - --. 96.;*



c FNr' CF LGOP OIh EA0- 01MENSION~00
r C601

90C %PC-t.F1 0602
NPI VhF? IOE03

q10 kpPEFlD=I Cho##
q2o PFTUJrN 9605

Ehr. 0606



TO



DATI

IFIME


